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ABSTRACT
THE RELATIONSHIP BETWEEN MIDDLE SCHOOL STUDENTS' KNOWLEDGE
OF THE CONCEPT OF VARIABLE AND THE USE OF CONCRETE
MANIPULATIVES
by
Maureen E . Busta 
Co-Chairpersons: Gregory P. Stefanich and Marlene I. Strathe
Algebra is a difficult subject for a number of high 
school students. One of the major concepts involved in the 
learning of algebra is the use of variables. The purpose of 
this study was to investigate the effect of the use of 
concrete manipulatives on middle school students' knowledge 
of the concept of variable and attitudes toward mathematics.
An experimental study was conducted involving 3 35 
students and 13 teachers. Teachers volunteered to be in the 
treatment or comparison group. Teachers in the treatment 
group were trained in the use of Hands-On Equations and used 
the materials in their classrooms for seven weeks. Teachers 
in the comparison group used the traditional mathematics 
curriculum during the same seven-week interval. Pre- and 
post-tests using The Mathematics Self Concept Scale and the 
Chelsea Diagnostic Mathematics Test were administered in all 
classrooms to assess students attitudes toward mathematics 
and their knowledge of the concept of variable. In
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
addition, this study compared the performance of students in 
Northeast Iowa with students in the United Kingdom who had 
taken the same assessment of the concept of variable in 
1976.
Tests of significance were conducted using the post­
test scores on the concept of variable measure and the 
attitude measure as dependent variables. Independent 
variables were two approaches to instruction (experimental, 
comparison) and three grade levels (sixth, seventh, eighth). 
The pre-test scores from the Chelsea Diagnostic Mathematics 
Test and The Mathematics Self Concept Scale served as 
covariates.
The data were analyzed using the Pearson r product 
moment correlation coefficient, 2 X 3  analyses of 
covariance, one-way analyses of covariance, and post hoc t 
tests. Significance was tested at the .05 level. Students' 
knowledge of the concept of variable improved significantly 
at the sixth grade level in the group using Hands-On 
Equations. Students' attitudes in grades six and eight did 
not change significantly, however, students' attitudes in 
the experimental group at the seventh grade level declined.
A comparison of this study with a study conducted in 
1976, which assessed English children's knowledge of the 
concept of variable, revealed that sixth and seventh grade 
students in England were more accurate in their responses 
than children in Northeast Iowa. At the eighth grade level,
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
the performance level of students in Northeast Iowa was 
similar to English children of the same age level.
The findings of this study suggest that a program based 
on the use of concrete manipulatives may be beneficial to 
students' understanding of the concept of variable. While 
attitudes of middle school students' toward mathematics are 
generally positive, their knowledge of the concept of 
variable is limited.




Algebra is an important course for all students 
(Lawson, 1990) as first-year algebra serves as an entry 
level academic mathematics course and the concepts which are 
introduced must be utilized in subsequent course work in 
mathematics (Marquis, 1989). An examination of college 
entrance and exit requirements clearly reveals that success 
in high school algebra is an essential prerequisite for the 
college bound student. If a student does well in algebra, 
he/she will often continue taking more difficult mathematics 
courses. On the other hand, students who are not successful 
in algebra often see themselves as not capable of taking 
college courses, and therefore may select a vocational 
technical school or perhaps no further post-secondary 
education at all (Moses, Kamii, Sways, & Howard, 1989).
Algebra has generally served as the gatekeeper to 
higher mathematics courses. Numerous national reports 
(National Commission of Excellence in Education, 1983; 
National Science Board's Commission on Precollege Education 
in Mathematic, Science, and Technology, 1983; Curriculum and 
Evaluation Standards for School Mathematics, 1989; 
Professional Standards for Teaching Mathematics, 1991; 
America 2000, 1991) have called for better prepared 
mathematics students, therefore, success in first-year 
algebra becomes critical.
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First-year algebra concepts present difficulties for 
some students (Booth, 1988). In many school systems, 40% of 
the students in first-year algebra attained a "D" or "F" 
(Marquis, 1989). Even accelerated students experienced 
difficulty with many concepts (Flexer, 1984).
Given the importance of algebra and the low student 
success rate, what are the factors that influence success? 
Some authors (Carpenter, Corbitt, Kepner, Lindquist, & Reys, 
1982) believe that students must be performing at the formal 
cognitive development level as described by Piaget (Inhelder 
& Piaget, 1958) to succeed in algebra. Research indicates 
that many students in early adolescence do not operate at a 
formal level of reasoning (Pallard, 1979). Since research 
indicates that many first-year algebra students are not 
operating at the formal reasoning level, if in fact this is 
necessary for success, one might hypothesize that the 
teaching of algebra should be delayed.
Other research indicates that a delay in the teaching 
of algebra is not necessary. Some researchers (Borenson, 
1987; Peck & Jencks, 1988; Thompson, 1988) believe that 
children as early as third grade can be taught algebraic 
concepts if the concepts are developed using concrete 
materials. Constructivists (Blais, 1988) agree that not 
only can young children learn using concrete materials, but 
that concrete materials must be used in order for students
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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to construct meaning for themselves with developmentally 
appropriate materials.
Researchers have used a variety of manipulatives, some 
using conventional objects (Thompson, 1988) and others 
developing their own commercial products. One commercial 
product, Hands-On Equations, developed by Borenson (1991) 
incorporates a visual/kinesthetic approach which is designed 
to introduce algebraic concepts to elementary school 
students.
Additional research indicates that not only is it not 
necessary to wait until a student reaches the formal 
reasoning level, but the teaching of algebraic concepts 
contributes to the development of a student's ability to 
think abstractly (Mehlhorn, 1981). Usiskin (1987) cited 
data from Japan that indicated algebra could be successfully 
taught to eighth-graders. Usiskin posited that not only 
could algebra be taught at an earlier age, but that it must 
be.
Given the many possibilities for success, and yet the 
continued difficulty with the subject, perhaps the answer 
lies in the fact that there does not seem to be strong 
evidence that algebra has been introduced prior to ninth 
grade in the United States (Usiskin, 1987). In addition to 
algebra as a course being taught prior to ninth-grade, 
difficulty may be caused by students' lack of prior 
experiences with algebraic concepts (Howden, 1990).
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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Prevost (1985) argues that there is already too much 
content in the elementary grades. Others view the 
curriculum in the middle grades as a "wasted curriculum" 
(McKnight et al., 1987). A great deal of review of the 
basic skills is included in the middle-grades. Eighty-eight 
percent of the content is new in algebra books compared to 
30% of the content which is included in a typical eighth- 
grade level mathematics text (Flanders, 1987). Davis and 
McKnight (1976) indicate that the pressure is intense on 
ninth-grade algebra teachers to teach algebra by a rote 
algorithmic method. When there is so much material to cover 
and so little time, teachers feel they must cover the 
material in the most efficient manner possible. This has 
kept the teaching of algebra as the rote manipulation of 
symbols the same as it was 50 years ago (Thorpe, 1989). If 
students are to be more successful in ninth-grade algebra, 
then a better foundation for the concepts must be in place 
prior to ninth-grade. It follows that not only could a 
great deal of the review be eliminated in the middle-grades, 
but it could be replaced with algebraic concepts that could 
be developed meaningfully.
Research indicates that there are several concepts 
required for success in algebra: understanding the
technical language of algebra; understanding the concept of 
variable; understanding the concept of relations and the 
concept of functions (Lodholz, 1990). The concept of
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
5
variable is fundamental to algebra and to all higher 
mathematics (Wagner, 1981). Leitzel (1989) believes that 
the concept of variable "turned out to be" a concept that 
frequently blocked students' success in algebra. In 1989 
the National Council of Teachers of Mathematics developed 
standards that outlined important mathematical topics for 
grades K-12. The concept of variable was one of the major 
algebraic concepts to be taught to students in grades 5-8 
(Curriculum and Evaluation Standards, 1989). Specifically, 
students need to be able to use a variable as a placeholder 
for a specific unknown, as in n + 5 = 12, and as a 
representative range of values, as in 3t + 6 (Curriculum and 
Evaluation Standards). What concept of "variable" do 
students have in the middle grades prior to ninth-grade 
algebra? What are factors that affect that understanding? 
What evidence exists that the two uses of variable are being 
taught prior to ninth-grade algebra?
Algebra continues to be an important course and 
continues to present difficulties for students. Research 
has indicated that there are many factors that influence 
students' success in algebra. The concept of variable is 
one of the most important concepts in algebra and the 
investigation of a program of study which introduces the 
concept to students prior to their first course in algebra 
warrants further study.
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Purpose of the Study
The purpose of this study was to investigate middle 
school students' knowledge of the concept of variable and to 
determine the effect of one commercial product, Hands-On 
Equations, on (a) student knowledge of the concept and (b) 
attitudes of students who had participated in the 
instructional sequence suggested in the program.
Research Questions
1. What knowledge of the concept of variable is held 
by students in grades six, seven, and eight?
2. What is the effect of the program, Hands-On 
Equations, on students' knowledge and understanding of the 
concept of variable?
3. What attitudes toward mathematics are held by 
students who participated in the instructional sequence 
presented in this program?
4. What relationships exist between students' 
knowledge of the concept of variable and students' attitudes 
toward mathematics?
5. What types of error patterns occurred in students' 
work with the concept of variable?
Null Hypotheses
Hypothesis 1
There is no relationship between knowledge of the 
concept of variable, as reflected by the mean scores on the 
Chelsea Diagnostic Mathematics Test, and attitudes of
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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students as reflected by the scaled scores on the 
Mathematics Self Concept Scale.
Hypothesis 2
There is no significant interaction between 
instructional group and grade level for the dependent 
variable, knowledge of the concept of variable, as reflected 
in the mean scores on the Chelsea Diagnostic Mathematics 
Test.
Hypothesis 3
Hypothesis 3: There is no significant difference in
students' knowledge of the concept of variable, as reflected 
in the mean scores on the Chelsea Diagnostic Mathematics 
Test, between the students receiving experience on Hands-On 
Equations and those who did not.
Hypothesis 4
There is no significant difference in knowledge of the 
concept of variable, as reflected in the mean scores on the 
Chelsea Diagnostic Mathematics Test, as a function of grade 
level.
Hypothesis 5
There is no significant interaction between 
instructional group and grade level for the dependent 
variable, students' attitudes toward mathematics, as 
reflected in the mean scaled scores on the Mathematics Self 
Concept Scale.
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
Hypothesis 6
There is no significant difference between attitudes as 
reflected by the scaled scores of the Mathematics Self 
Concept Scale, as a function of grade level.
Hypothesis 7
There is no significant difference in students' 
attitudes toward mathematics, as reflected in the scaled 
scores on the Mathematics Self Concept Scale, between 
students receiving experience with Hands-On Equations and 
those who did not.
Significance of the Study
Mathematics teachers continue to express concerns about 
the problem of students who experience limited success or 
frustration in first year algebra. There will be continued 
emphasis on mathematics in the years ahead, and given that 
algebra is the first step in the continuum of mathematics 
courses at the secondary level, it is essential that areas 
that have no success in algebra be reconsidered. It is also 
essential that new avenues for development are explored. It 
is often said that only "smart" people take advanced 
mathematics courses following algebra. Some people firmly 
believe that it is impossible to teach abstraction to 
students before they have reached the age of formal 
reasoning. If this is true, there is a need to concentrate 
efforts in the area of improving students' formal reasoning 
skills through appropriate concrete experiences which
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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nurture higher level thinking. If on the other hand, the 
key lies in the fact that students have never worked with 
these concepts, then there is a need to concentrate efforts 
in revising the middle-grades mathematics curriculum. 
Furthermore, if students can learn these concepts in the 
middle-grades using concrete manipulatives, then algebra 
will be easier for students in the ninth-grade, hence 
students will be more successful, and will be more likely to 
continue in higher mathematics.
Assumptions
1. The instruments and methods used to determine the 
students7 understanding of the concept of variable were 
valid and reliable.
2. The instrument used to determine students7 
attitudes toward mathematics was valid and reliable.
3. The participating teachers in the experimental 
group used the Hands-On Equations Learning System as 
prescribed.
4. The participating teachers in the comparison group 
instructed their classrooms using the methods and materials 
that they had previously used.
Delimitations
1. The population was limited to students in grades
6-8 .
2. The teachers participating in the study were from 
one Midwestern state.
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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3. The use of concrete manipulatives was limited to 
activities suggested in one program, Hands-On Equations.
4. The period of treatment following the pre-test was 
limited to seven weeks.
Limitations
1. The assessment of student knowledge of the concept 
of variable and their attitudes toward Hands-On Equations 
was limited to data collected from paper-pencil instruments.
2. The study was limited by the use of volunteer 
teachers who were willing to participate in this study.
Definition of Terms
For the purposes of this study the following 
definitions were used:
Algebra: the branch of mathematics that uses both
letters and numbers to show relations between quantities 
(Barnhart & Barnhart, 1979).
Concept of variable: letters have many uses which can
be evaluated, ignored, used as an object, as a specific 
unknown, as a generalized number or used in expressing a 
relationship (Collis, 1975).
Variable: a symbol, usually a letter, used to
represent a number or a range of numbers (Curriculum and 
Evaluation Standards, 1989)
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
CHAPTER II 
REVIEW OF LITERATURE 
This chapter includes a discussion of differing views 
of algebra and how those views affect the instructional 
approach that is used in the teaching of algebra. The 
literature review also investigates important algebraic 
concepts deemed essential to the learning of algebra and 
difficulties which are inherent in those concepts, 
particularly the concept of variable. Research related to 
current practice in the teaching and learning of algebraic 
concepts in the middle grades and what practices exist for 
aiding students' learning of algebraic concepts was also 
examined. Finally, literature related to the level of 
cognitive development needed for students' to learn 
algebraic concepts was reviewed.
Views of Algebra 
Research studies reflected two views of algebra which 
determined when and how algebra is taught. The first view 
was one of doing mathematics where "algebra" was the 
meaningless, rote manipulation of symbols. The second view 
of learning mathematics was that which students do to build 
up mental representations for the key ideas of algebra 
(Davis, 1985). Viewing algebra as the rote manipulation of 
symbols was what has kept it from being taught earlier. 
Davis indicated that these views were prevalent in many 
countries. Davis found that in the United States, schools
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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have been under great pressure to teach a tremendous amount 
of new material to students. Teachers; therefore, have 
found it necessary to teach algebra as the rote manipulation 
of skills rather than having sufficient time to develop 
meaning for algebraic concepts (Davis).
Carpenter et al. (1982) posited two interpretations of 
algebra which they saw as changing with time. Their views 
paralleled others, and were like a pendulum which swings 
between algebra as a collection of skills and algebra as a 
study of relationships.
Students viewed algebra as the rote manipulation of 
symbols which has no resemblance to the true function of 
algebra, namely the representation of general relationships 
and procedures (Booth, 1988) . The purpose of viewing 
algebra as the expression of relationships was to enable 
students to solve a wide variety of problems; however, when 
algebra was viewed as the rote manipulation of skills, 
students did not see this purpose for algebra (Booth).
Collis (1975) further indicated that until students 
appreciate the use of letters as generalized numbers, 
algebra can have little real meaning.
In addition to algebra being viewed as the rote 
manipulation of symbols, algebra was often thought of as a 
course (Lodholz, 1990). LaRoe (1965) indicated that algebra 
should be considered as a second step in abstraction and not 
as a separate course. "Algebra" as a course and algebra as
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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the rote manipulation of symbols has kept the teaching of 
algebra basically the same as it was 50 years ago (Thorpe,
1989) .
Denmark and Kepner (cited in Carpenter et al., 1982), 
following an examination of current teaching materials and 
teacher surveys, reported that secondary mathematics 
teachers stress rote memorization of algebraic skills with 
little attention given to student understanding. Students 
are often taught rules by rote memorization. Students 
become accustomed to learning by rote.
Attention to content, pacing and instructional style in 
the middle grades was a key to algebra success (Lodholz,
1990). Algebra in its present content, instruction and 
pacing, cannot be learned by all students (Lodholz). Some 
teachers viewed algebra as the rote manipulation of symbols 
and others viewed it as a tool for generalizing arithmetic. 
These two views paralleled two ways that teachers teach 
algebra, either by the rote manipulation of symbols or by 
teaching it with meaning. The two views of algebra 
influenced when "algebra” could and should be taught.
Curricular Placement 
The view of algebra as the rote manipulation of symbols 
has kept the teaching of algebra primarily in the high 
school curriculum and taught as a ninth-grade course. There 
was evidence that suggests that if the view of algebra is 
revised, algebra can and should be taught at an earlier age.
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A group of teachers, mathematicians, psychologists and 
mathematics educators met in Adelaide, Australia in August 
of 1984 to discuss "Algebra in the Elementary School"
(Davis, 1985). "Algebra" was not thought of as a ninth- 
grade course, but rather an exploration of algebraic ideas. 
From an analysis of studies over the previous 20 years, it 
was concluded that most children can deal with algebraic 
ideas. Three goals of the study were: (a) compile a
status report on the teaching and learning of algebra from 
other nations, (b) advertise the fact that young children 
can learn algebra, and (c) try to discover why so little 
progress was taking place in implementing the algebra-in- 
the-early years curricula.
Prevost (1985) indicated that algebra should not be 
taught in the eighth grade. Data were collected from all 
students in the New Hampshire schools in grades 7-12. The 
results indicated that students should not take algebra in 
8th grade because only about half of those students 
continued their study of mathematics through a 5th year. 
Prevost indicated that the teaching of algebra as a course 
was counter-productive because students failed to continue 
to take a fifth year of mathematics. Prevost also cited the 
low performance in computational tasks of 13 year-olds on 
the Third National Assessment of Educational Progress Test 
in 1983 as further evidence that since students are not 
proficient in arithmetic, algebra should not be taught in
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the eighth grade. He suggested more time could be used in 
enriching the mathematics program rather than accelerating 
students out of any further mathematics (Prevost, 1985).
Usiskin (1987) expressed a belief that if the content 
in algebra were changed, average students would be more 
successful in eighth grade algebra. Prevost (1985) 
expressed a belief that algebra should not be taught before 
the age of fourteen; however, Usiskin outlined six reasons 
for teaching algebra to average students in eighth grade.
The reasons cited were: (a) not much is new in seventh or
eighth grade mathematics; (b) eighth grade students have 
been successful in algebra; (c) enrichment is not the 
answer, but rather giving students what is important; (d) it 
is probably easier to learn algebra at age 13 than at age 14 
due to its similarities to a foreign language; (e) the 
present practice of allowing older students into algebra is 
the opposite of reasonable logic, and (f) taking algebra in 
eighth grade reduces pressure on students in grades 9-12.
Further evidence of students' ability to learn algebra 
at an earlier age was posited by other researchers. Lawson 
(1961) conducted a study to determine if there was a 
significant difference of achievement between the more 
academically able eighth and ninth grade students. Four 
classes, two eighth (n = 66) and two ninth grade (n = 62) 
classes, were pre-tested after the second week of school and 
post-tested at the end of the first semester. It was
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determined that there was no significant difference of 
achievement in algebra between the more academically able 
eighth and ninth grade students.
Research indicated that there are two opposing 
viewpoints of whether algebra can be successfully taught at 
the eighth grade level or if it needs to wait until students 
are older. It appears that the view of what "algebra" is 
determines when algebra is taught.
Concept of Variable
Importance
Research was conducted to identify components that were 
of major importance in the learning of algebra. A 
commission of mathematics educators was formed by the 
National Council of Teachers of Mathematics in 1989 to 
identify mathematical areas of importance for the future in 
grades K-12. The document that came out of that commission, 
curriculum and Evaluation Standards for School Mathematics. 
has become a directory across the nation for change in 
mathematics education. "Algebra" is one of the strands 
outlined in the standards for grades 5-8 and in the area of 
"algebra", the teaching of algebraic concepts is to receive 
increased emphasis. "In grades 5-8, the mathematics 
curriculum should include explorations of algebraic concepts 
and processes so that students can understand the concepts 
of variable, expression, and equation" (Curriculum and 
Evaluation Standards, 1989 p. 102). "Understanding the
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
17
concept of variable is crucial to the study of algebra; a 
major problem in students' efforts to understand and do 
algebra results from their narrow interpretation of the 
term" (Curriculum and Evaluation Standards, p. 102). 
"Students need to be able to use variables in many ways.
Two particularly important ways in grades 5-8 are using a 
variable as a placeholder for a specific unknown, as in n +
5 = 12, and as a representative of a range of values, as in 
3t + 6 " (Curriculum and Evaluation Standards, p. 103).
Others agreed that the concept of variable is of major 
importance in the learning of algebra. Leitzel (1989) 
expressed a belief that the concept of variable is more 
sophisticated than is often recognized and frequently turns 
out to be the concept that blocks students' success in 
algebra. Special attention is needed on how the concept of 
variable is introduced to students.
Definition
Research indicated that one area that is lacking in the 
introduction of the concept of variable is the lack of 
attention given to the development of the definition of 
variable. The complexity of determining what a variable is 
was revealed by many studies.
Schoenfeld and Arcavi (1988) discussed the difficult 
nature of the definition of variable. Ten different 
definitions were cited, which historically traced the 
changes that have occurred in the definition of variable.
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Whereas Schoenfeld and Arcavi (1988) delineated 10 
different definitions, Collis (1975) viewed variable as 
having only one definition. He defined variable as a 
generalized number. Leitzel (1989) expressed a belief that 
it was important to view variables as having two components 
instead of just one. A balance must be provided between 
variables used to represent a specific unknown and variable 
as representing objects in a large set (Leitzel).
Rosnick (1980) expressed a belief that students do not 
grasp the concept of variable because very few textbooks 
spend a lot of time discussing and defining the concept of 
variable. Rosnick reviewed 41 textbooks and evaluated the 
uses of variable in each of them. Five areas were 
critically reviewed. Those areas were variable as: (a) 
replacement set, (b) variability, (c) constant, (d) solution 
set, and (e) overabundant use of letters for symbols.
Textbooks differed in their definitions of replacement 
sets (Rosnick, 1980). For some, replacement sets included a 
set of things, while others narrowed the replacement set to 
a set of numbers, and still others indicated that a variable 
is only replaced by one number.
Rosnick (1980) described three different possibilities 
that existed for variability: nonvarying variables (often 
referred to as an unknown), discreetly varying variables 
(functional relationships— often presented with a table—  
for example, relating number of eggs in relation to the
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number of cartons— 12x = y), and continuously varying 
variables (the variable changing continuously— seen as a 
prerequisite to the limit idea). An example of a 
continuously changing variable would be D eguals 40 times t 
where D is distance and t is time.
Textbooks also were evaluated to determine if 
distinctions were made between constants and variables 
(Rosnick, 1980). Textbooks need to make a distinction 
between a letter used as a constant and a letter used as a 
variable.
The fourth aspect of the evaluation of textbooks dealt 
with solution sets (Rosnick, 1980). A distinction between a 
solution set of an expression and a replacement set of a 
variable was viewed as a necessary distinction for students 
to understand.
The last component of textbook evaluation dealt with 
whether the presentation of the concept of variable was 
confusing or ambiguous (Rosnick, 1980). At least 25 of the 
41 textbooks reviewed were confusing in three ways: they
used contradictory usage of symbols, (using a symbol in two 
different ways); there was an overabundant use of letters 
for symbols, (using letters on one page to indicate a name 
of a set and then the next page introducing variables 
standing for elements of that set); and lack of a definition 
or an adequate discussion. None of the textbooks were seen 
as clearly getting across the idea of continuous
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variability. Textbooks in the past have not developed the 
concept of variable in a meaningful way. Teachers often 
fail to recognize the complexity of this concept. 
Difficulties
Research indicated that the complexity of the concept 
of variable extends beyond the varied definitions of 
"variable." Four other areas of difficulties were 
identified: (a) different uses of variable, (b) prior
experiences, (c) misconceptions, and (d) cognitive 
obstacles.
Different uses of variable. Thorndike, (as cited in 
Kieran, 1989) in the 1920s, suggested that different letters 
be reserved for different interpretations of the variable. 
Van Engen, in 1953 (as cited in Kieran), agreed that the 
symbol x was being used many different ways and was causing 
difficulty for students. Matz in 1979 (as cited in Chalouh 
& Herscovics, 1988) indicated that lumping together symbolic 
constants, parameters, unknowns, and unconstrained variables 
as simply "variables" only related to the common abstract 
nature.
Munroe in 1963 (as cited in Aiken, 1978) noted the 
inconsistencies of notation in mathematics. These 
inconsistencies promoted interpretations of symbols, 
especially x and y, which created difficulties for students.
Kuchemann (1978) identified six levels of 
interpretation of letters. These six levels were: (a)
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letter evaluated, (b) letter not used, (c) letter used as an 
object, (d) letter used as a specific unknown, (e) letter 
used as a generalized number, and (f) letter used as a 
variable.
More recently Usiskin (1988) described the many uses of 
variable based on the different purposes of algebra. If 
algebra is regarded as generalized arithmetic, then 
variables are used as pattern generalizers. If algebra is 
viewed as the study of procedures, then variables can be 
viewed as unknowns. Variables are viewed as either 
arguments or parameters if algebra is considered to be the 
study of relationships between or among quantities.
Finally, if algebra is considered the study of structures, 
such as groups, rings, integral domains, fields, and vector 
spaces, then variables are arbitrary objects in a structure 
related by certain properties (Usiskin). Usiskin identified 
five different uses: (a) a formula, (b) an equation to
solve, (c) an identity, (d) a property, and (f) an equation 
of a function of direct variation.
Jordan (1962) felt that there was too much emphasis on 
equations using fixed quantities which led to difficulties 
in understanding the concept of variable. Jordan saw two 
fundamental algebraic concepts: letter as fixed in 6 + a =
8 and letter as variable quantity as in a + b = c. Jordan 
suggested that a student needed to learn that a letter-
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symbol need not be fixed but can be used variably. This use 
of a variable is fundamental to theoretical algebra.
In most classrooms a variable is introduced as a letter 
that stands for one or more numbers (Chalouh & Herscovics, 
1988). Research indicated that there is cursory attention 
given to the development of the meaning of variable 
(Rosnick, 1980).
Philipp (1992) also recognized the many uses of 
algebraic variables. Teachers need to discuss with their 
students the different ways literal symbols are being used 
in mathematics and provide activities for students which 
focus the students' attention on the different uses of 
variables (Philipp).
Prior experiences. Research also indicated that 
students' prior experiences with arithmetic causes 
difficulties in students' understanding of the concept of 
variable (Chalouh & Herscovics, 1988). MacGregor (1986) 
concluded that the widespread misunderstanding of algebraic 
notation may be due to common approaches to teaching algebra 
to beginners. One arithmetic concept which presents 
difficulties for students is the use of formulas. The 
shorthand way of using the letters of the formula to 
abbreviate the words involved misleads students in algebra. 
Students begin to believe that letters represent objects, 
rather than representing numbers.
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This view of letters as objects is also prevalent in 
other countries. In Australia, there are two major 
approaches to teaching variables: one is the "letter as
object" approach and the other attempts to build from 
arithmetic or find the missing number approach. It is 
thought to be useful for students to be taught a + a = 2a 
because one apple plus one apple equals two apples.
However, students begin to attach the idea of object to the 
use of letters rather than a number (MacGregor, 1986).
Carpenter et al. (1982) reported results from the 1978 
National Assessment of Educational Progress Test which 
indicated that only 17% of the 13 year olds were able to 
write an algebraic expression for the following test 
question: "Carol earned d dollars during the week. She
spent c dollars for clothes and f dollars for food. Write 
an expression using d, c, and f that shows the number of 
dollars she had left" (as cited in Herscovics, 1989, p. 64).
Further results indicated that only 15 to 20% of the 17 
year old population showed mastery of algebraic skills and 
concepts (Carpenter et al., 1982). Carpenter suggested that 
if the use of concrete examples and the use of developmental 
activities does not improve student performance in algebra, 
then it may be concluded that the algebraic concepts are too 
difficult for students to learn at the freshman level.
The NCTM Mathematics Standards (1989) indicated that 
students generally do one of three things when working with
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variables. Those three things are: (a) assign a numerical
value to a letter from the start, (b) ignore the letter, and 
(c) treat the letter as shorthand for an object.
Research has indicated that students' prior experiences 
in arithmetic causes difficulties in the learning of 
algebraic concepts. Arithmetic focuses on specific 
numerical answers, whereas algebra focuses on relationships 
and the expression of these relationships in a general form 
(Booth, 1988). Elementary school arithmetic focuses on 
finding a specific answer— placeholders in open sentences or 
letters in formulas (Kieran, 1989). Children believe that 
variables will always be used in this way.
A common error in algebra is the combining of two 
unlike terms such as 2a + 5b (Booth, 1988). Students 
simplify this to be 7ab. Perhaps this is not so much an 
algebraic error as an extension of what students have been 
taught in arithmetic; i.e., the physical conjoining of two 
sets. Students who have never studied algebra simplify an 
expression in the same way (Booth).
Wagner (1983) identified yet another difficulty in 
students' understanding of variables. In a lesson dealing 
with consecutive integers, students were asked to name the 
next consecutive integer after x. Instead of responding 
correctly, "x + 1," students answered with the letter "y."
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This confusion between the linear order of the alphabet and 
the linear ordering of whole numbers is a common mistake 
(Wagner, 1981).
In addition to the problems that occur because students 
are applying what they know from their experiences with 
arithmetic, their prior experiences in reading also cause 
them difficulty. Wagner (1983) outlined the many 
similarities and differences involved in literal symbols 
that are used in reading and mathematical symbols. One such 
symbol which causes difficulties is the symbol pi, which is 
a letter and also a numeral. Letters are like words, only 
different. Both can act as placeholders, but yet letters 
and words differ in meaning in the same content. Words have 
fixed meanings, whereas letters do not. An awareness of 
these similarities and differences by both students and 
teachers was recommended (Wagner).
Rosnick (1982) indicated that students demonstrated an 
inconsistent letter usage by shifting between related but 
different meanings of the same letter, sometimes over time, 
sometimes simultaneously. Students sometimes interpret "B" 
to mean the object "book," and sometimes "B" will be 
interpreted by students as a number of books. Students 
don't seem to recognize the difference. Students tend to 
over generalize the meaning of letters (Rosnick, 1982). 
Students simultaneously have the same letter stand for an 
object, a quantity, a price of the object as well as other
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attributes. Students have difficulty with the symbolization 
processes in mathematics as well as other disciplines. 
Students view the referent of a semantically laden letter as 
an undifferentiated conglomerate (Rosnick, 1980). Students 
use letters in an imprecise, inconsistent, paradoxical, and 
over-associative manner. Students, after taking two or more 
years of high school mathematics, do not develop an adequate 
understanding of the use and meaning of the variables that 
dominate their college course work (Rosnick, 1980).
Research indicated that the experiences students have with 
the concept of variable in the elementary grades contributes 
to this lack of understanding.
Misconceptions. Students expect algebra to be the same 
as arithmetic, which contributes to the difficulties that 
students encounter in algebra. Hyacinth (1984) expressed 
the belief that algebraic errors and misconceptions were 
caused by poor instructional practice, students' immature 
abilities, lack of "habituation" and "automation" in 
psychomotor and manipulative abilities of the students. The 
failure rate in English seems to be linear in primary and 
secondary; whereas, in mathematics, students appear to turn 
off to mathematics in their first or second year of algebra. 
Relevant to this problem is the issue that the nature of 
algebra is different than the nature of arithmetic 
(Hyacinth).
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Wagner (1981) conducted a study of 30 students to 
determine students' knowledge in solving equations. Wagner 
asked 12 to 17-year old students if different solutions 
would be obtained if the letter in an equation was changed 
from a "w" to an "n". Those that could see it made no 
difference were said to conserve equation. It was found 
that 50% of the 12 year olds and 80% of the 14 and 17 year 
olds were able to answer the question correctly. Relevant to 
this research were two common misconceptions revealed about 
the concept of variable. Students believed that changing a 
variable symbol implies changing the referent, and that the 
linear ordering of the alphabet corresponds to the linear 
ordering of the number system. Limitations of the study 
included the small size and the arbitrary nature of the 
sample. Also the wording of the equation task may have been 
deliberately misleading in such a way as to result in an 
incorrect answer.
Rosnick (1981) indicated that students do not 
understand the use of letters in equations. The 
misconceptions students have with the use of letters in 
equations contribute significantly to difficulty in learning 
mathematics (Rosnick).
A study was conducted by the Cognitive Development 
Project at the University of Massachusetts to determine if 
first-year engineering students could translate English 
sentences into algebraic expressions (Herscovics, 1989).
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The following problem was an example of one of the problems 
included in the study.
Write an equation, using the variables "S" and "P" 
to represent the following statement: "At this
university there are six times as many students as 
professors." Use S for the number of students and 
P for the number of professors. (as cited in 
Herscovics, p. 64)
Thirty-seven percent of the 150 engineering students at the
University of Massachusetts were unable to write the correct
equation for the Students and Professors problem. The most
common error was a reversed equation. Through interviews
the researchers were able to learn that students interpreted
the S to be a label standing for students, rather than a
variable standing for the number of students. Further study
verified that when given a multiple choice question, 40% of
the 152 students were not able to choose P signifying number
of professors rather than professors. Students did not see
the importance of recognizing that the letter stands for a
number of something rather than the label. Rosnick (1982)
indicated that if students developed a better understanding
of the basic concepts of variable and equation, these types
of errors would be corrected. Rosnick and Clement (1980)
suggested that perhaps even college students have not yet
reached the necessary level of intellectual development to
reason abstractly. An awareness on the part of mathematics
educators to always make the distinction between labels and
numerical values was seen as critical.
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Rosnick and Clement (1980) attempted to correct 
students' misconceptions in regard to the reversal error 
that occurs when students are translating word problems into 
equations. It was found that even though students can 
demonstrate performance, they have deep seated 
misconceptions that are not easily resolved through 
instruction. The students they worked with were college age 
and it was recommended that fundamental concepts of variable 
and equation should not be treated lightly in high schools 
and colleges.
Research indicated that instructional units designed to 
correct specific misconceptions are beneficial. Herscovics 
and Kieran (1980) implemented a teaching experiment 
involving six students of varying abilities in grades 7 and 
8 from different schools. The teaching outline included 
expanding the meaning of the equal sign, defining equations 
as identities, and constructing meaning for equations 
through instruction with individual students. Six weeks 
after the instruction, a post-test was administered and 
students had retained a clear understanding of arithmetic 
identity, the concept of equation, and the justification of 
the algebraic rules (Herscovics & Kieran).
Cognitive obstacles. Cognitive obstacles were defined 
by Herscovics (1989) as learning difficulties that were not 
of an idiosyncratic nature, but rather those obstacles whose 
occurrence was widespread. Herscovics indicated three
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distinct sources of obstacles: (a) those which are induced
by instruction, (b) those of an epistemological nature, and 
(c) those which are associated with the learner's process of 
accomodation.
Booth (1988) reviewed previous research and found that 
cognitive obstacles related to the learning of variable 
occurred in four areas. The first error involved students' 
difficulty with the nature of answers in algebra. Students 
lack the ability to hold unevaluated operations in 
suspension. In arithmetic "2 + 3" can be replaced by "5", 
but an expression such as "x + 3 "  cannot be replaced by 
another number. Collis (1975) saw this as a cognitive 
obstacle in that students cannot accept lack of closure. 
Answers in algebra are no longer one numerical answer. Matz 
in 1980 (as cited in Booth) believed this could be an 
extension of their arithmetic where students are seeking one 
specific answer.
Davis in 1975 (as cited in Booth, 1988) identified 
another cognitive obstacle. The name-process dilemma 
presented difficulties for students. In arithmetic "2 + 3 "  
is the problem and "5" is the answer, whereas "x + 6" both 
describes the process (adding 6 to x) and names the answer.
The two different meanings associated with 
concatenation in algebra was a third cognitive obstacle 
which was described by Matz in 1979 (as cited in Chalouh & 
Herscovics, 1988). Concatenation is the juxtaposition of
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two numbers. In arithmetic, two numbers positioned adjacent 
to one another denotes addition (43 = 40 + 3; 4 1/2 = 4 + 
1/2); in algebra, concatenation denotes multiplication (4a = 
4 X a) .
A fourth cognitive obstacle was identified by Davis 
(1975; as cited in Booth, 1988) and Wagner (1981). Students 
were not able to associate a numerical referent for a 
letter. Students did not view letters as representing 
numbers.
Further difficulty was seen in the use of notation and 
convention in algebra. Part of this difficulty is 
attributed to students' difficulty with interpreting + and = 
as operation signs. Students also interpret 3n as a place 
value representation rather than multiplication in algebra.
Students had difficulty with 7a + 6b as indicating 
objects of apples and bananas rather than representing 
numbers of objects (Booth, 1989). There is a much more 
definite need to be precise in algebra— precision is seen as 
lacking in arithmetic and has much less effect there (Booth, 
1988). In arithmetic, as long as the correct answer is 
given, the notation used is not considered as important as 
the notation used in algebra (Booth, 1988). Letters 
appeared in arithmetic in a much different way than in 
algebra. This change in usage presents difficulties for 
students. Booth (1989) indicated that one of the most 
important aspects of algebra is variable. There is strong
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indication that students think of variables as specific 
numbers. Since algebra is generalized arithmetic it follows 
that if students don't have a good understanding of 
arithmetic this will cause difficulty later.
Educational Implications
Given the different nature of algebra from arithmetic 
and the difficulties related to the concept of variable, 
perhaps algebraic concepts are too difficult to be learned 
in the middle grades. Research indicated that changes in 
content and instructional practices were key elements in the 
learning of algebraic concepts in the middle grades.
Content
In general, students in the middle grades should be 
able to recognize and discuss differences between the 
language of arithmetic and the language of algebra (Lodholz,
1990). Algebraic concepts need to be explored in an 
informal way so that students have a foundation for later 
more formal work in algebra (Curriculum and Evaluation 
Standards, 1989). It is recommended that the use of physical 
models be emphasized rather than the manipulation of 
algebraic symbols (Curriculum and Evaluation Standards).
The ability to find patterns and discover relationships are 
among the most important things that students learn in 
elementary arithmetic (LaRoe, 1965). The transition from 
arithmetic to algebra is critical (Curriculum and Evaluation 
Standards).
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Bradfield (1965) expressed a view that the appropriate 
content of algebra that should be included in the elementary 
schools had not yet been determined. Bradfield cited three 
reasons for introducing algebraic concepts in the elementary 
schools: (a) it would narrow the gap between arithmetic and
algebra, (b) the learning of mechanical processes and 
procedures are suitable for psychological capacities of the 
elementary student, (c) the secondary student could devote 
less time to the routine skills of algebra.
There is evidence that indicates that not only is it 
possible to teach algebraic concepts to students in the 
middle grades, but also to younger elementary children. 
Hazlewood, Stouffer, and Warshauer (1989) asserted that 
second and third graders should learn algebra because it is 
the language of mathematics. They used Suzuki's method of 
solving word problems. Suzuki's method can be summarized in 
the equation: repetition + desire = results. Young
children learned that variables could represent numbers of 
objects in stories in the same way that they learned to 
read.
The merging of arithmetic and algebra into a coherent 
program in the elementary school was urged by Bradfield in 
1965. One of the algebraic concepts that Bradfield (1965) 
indicated could be taught in the elementary grades was that 
a number may be expressed as either a numeral or a letter. 
LaRoe (1965) also noted that the recognition of the
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
34
existence of various symbols for the same number is 
essential for students to learn in elementary mathematics.
Booth (1988) recommended that inequations should be 
looked at at the same time as equations are introduced so 
that students get the idea that a letter can represent a 
range of values. More meaning should be applied to a 
child's earlier experience with arithmetic and care needs to 
be taken to identify letters as values not objects. 
Instructional Approaches
The content recommended for inclusion in the middle 
grades must extend beyond arithmetic and bridge the gap 
between arithmetic and algebra. Research indicated that the 
instructional approach used was critical to student 
learning. Several approaches have been used to teach the 
concept of variable.
Briggs, Demana, and Osborne (1986) indicated that 
textbooks treat the concept of variable in a cursory manner 
with a formal definition and few examples. Approaching 
Algebra Numerically was a program which was comprised of a 
carefully structured sequence of experiences leading from 
the concrete to algebraic generalizations over time and with 
the use of a variety of problems (Briggs, Demana, &
Osborne). The authors stated that the concept of variable 
should be established gradually and as a generalization of 
many numerical instances. The program emphasized meaningful 
learning and each new concept was approached through a
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problem. Problem solving was incorporated to make the idea 
of variable accessible to all students. Calculators were 
used extensively, guess and check was believed to give the 
students the notion that a variable could stand for many 
values, and unpacking was also incorporated as a means of 
adding meaning to solving equations. (Unpacking was a 
technique that enabled students to reason intuitively about 
equations. Its premise was for students to undo what had 
been done in the equation and therefore students would 
intuitively grasp the concept of inverse operations.)
Another approach was used to determine the effect of 
computer programming on students' knowledge of the concept 
of variable. Since computer programming deals with the 
algebraic concept of variable it would appear that if there 
were evidence that this skill would transfer then it would 
support teaching computer programming in high school (McCoy, 
1988). Forty-eight students aged 9 to 17 took part in a 
study at a summer computer camp to examine the relationship 
between computer programming experience, mathematics 
experience, and general variable skill (McCoy).
Programming level (novice, intermediate, advanced), 
mathematics experience (number of years of higher 
mathematics courses) and variable skill as determined by 
scores on the General Variable Skill Test were determined. 
Both computer experience (r(46) = .555) and mathematics 
experience (r(46) = .463) reflected significant positive
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correlations with general variable skill. A multiple 
regression analysis was used and results indicated that when 
general variable skill was regressed on the two experience 
variables, computer programming experience (e  < .004) was a 
significant predictor and mathematics experience (p = .085) 
was not. Causality could not be determined and sample size 
was small; however, there was an observed relationship which 
would indicate a need for more study (McCoy).
Sutherland (1991) also found that the computer was a 
valuable tool in the students' learning of algebraic 
concepts. Students' work with the computer program LOGO 
influenced their performance on algebra.
Vollrath and Austin (1989) suggested the use of pan 
balances, small objects of equal weights and small opaque 
containers be used to solve equations and introduce the 
students to the concept of variable. The pan balance was set 
up with a number of containers, indicating 3 times the 
unknown as 3w, then a number of washers of equal weight were 
placed on one side of the balance and a number of weights 
were placed on the other side of the balance. Students then 
manipulated the objects until they realized how many of the 
weights had to be in the containers to keep it balanced. 
Equations such as 3w + 5 = 11 were easily represented. It 
was not possible to use this approach for negative numbers.
Berman and Friederwitzer (1989) indicated that concrete 
models were needed for students to understand mathematical
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concepts. Algebraic concepts could be understood by 
elementary and middle school students when concrete models 
were used. Berman and Friederwitzer used an activity 
involving envelopes marked with letters to signify an 
unknown quantity. Students then worked equations such as 5b 
+ 4f = 48, and discussed how they might determine the number 
in the envelopes marked b and those marked f. Instead of a 
balance students were taught to think of two islands in 
which the same thing was to be added or taken away from 
both. Students used manipulatives and diagrams to bridge 
the gap between arithmetic and algebra. Such experiences 
contributed to the development of higher-level cognitive 
skills as seen by Berman and Friederwitzer. This activity 
was suggested for students as young as fourth grade.
Peck and Jencks (1988) used hands on activities and 
concrete examples to extend arithmetic to algebra. For 
example, multiplication in fifth grade was developed using 
graph paper and then this same activity was used for 
students to discover (x + 7)(x + 5). Children derived their 
understanding from the physical situation at hand. The 
transition to algebraic symbolism was easy when the teacher 
got tired of drawing frames and began to use letters. Rule 
making was not the purpose. Twenty seven of the 33 children 
were able to make sense of their arithmetic and generalize 
their findings. The algebraic language was a natural way to 
summarize what the children had learned in arithmetic. Peck
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and Jencks concluded that algebra could and should arise as 
a natural extension of making arithmetic sensible.
Kieran (1988) conducted a study of six 13-year-old 
seventh graders who participated in a three-month teaching 
experiment. The students were of average mathematical 
ability. The students were interviewed and from the 
interviews it was concluded that the students fell into two 
separate groups. Those students who focused on the given 
operations were deemed as having an arithmetic approach, 
whereas those who focused on the inverses of the given 
operations were deemed as taking the algebra approach. In 
the interviews it was obvious students had difficulties with 
the meaning of letters used in equations, the solution of 
equations, the meaning of equality, and over-generalizing 
the right-to-left transposing procedure when solving 
equations with two unknowns. The students participated in 
approximately ten one-on one teaching/learning sessions 
which focused on the notions of equation, unknown, and the 
equal sign. At the end of the project the students were 
solving equations using the same approach either arithmetic 
or algebraic as they started. This appeared to indicate to 
Kieran that much more time was needed and therefore this 
type of work needed to be started earlier in the elementary 
grades.
Pegg and Redden (1990) indicated that in Australia 
algebra is introduced to all 12-year-old seventh graders,
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and that students seem to perform rules in isolation. The 
researchers suggested that it doesn't follow that algebra 
should be delayed, but rather the way it is taught is of 
critical importance. The development of algebra is 
facilitated by avoiding manipulation of symbols, and 
students need to see algebra as more than rules regarding 
x's and y's (Pegg & Redden). Students need hands-on 
activities and they need to talk and verbalize their 
thinking (Pegg & Redden).
Lawson (1990) indicated that algebra needs to be taught 
with concrete materials before high school. Teachers 
conducted an experiment by working with geometric patterns 
and encouraging the students to discuss patterns in 
generalized forms. Students then learned first degree 
expressions as models which presented a letter as standing 
for the number of square centimeters covered by a shape, 
number of objects in a container, or number of centimeters 
in the length of a rod. Seventeen students who had 
previously answered questions incorrectly were able to model 
them and answer them correctly. New textbooks accompanied 
the spirit of the concrete approach to algebra and were 
called the "New Wave Math."
Hands-On Equations (1991) was another approach which 
provided a concrete hands-on experience for students as 
young as third grade to solve algebraic equations. Hands-On 
Equations is a learning system which incorporates physically
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representing equations and then physically solving them 
using legal moves. Students verbalize as well as 
pictorially represent what they are doing. Students learn 
intuitively that like terms can be combined without any 
discussion of this difficult algebraic concept. Borenson 
(1991) indicated that the Hands-On Equations Learning System 
is an algebraic learning environment which makes possible 
the Piagetian learning of algebraic concepts (Piagetian 
learning refers to learning without being taught). Borenson 
further indicated that the use of Hands-On Equations appears 
to have a positive effect on students' self-esteem.
In 1985, Hands-On Equations was introduced to a 4th- 
grade class and was continued each subsequent year in 
Pennsylvania (Borenson, 1987). In 1989, Borenson conducted 
a follow up study using the 3rd and 8th grade classes as 
control units, since neither of them had had experience with 
the system. Three equations from the National Assessment of 
Educational Progress test of 1986 were given to all students 
in grades 3-8. A typical equation was 4x + 2 = 2x + 10. 
Eighty-four percent of the 4th grade students were able to 
solve the three equations compared to 74% of the 11th grade 
students taking this test (Borenson).
Many researchers (Berman & Friederwitzer, 1989;
Borenson, 1991; Peck & Jencks, 1988; Vollrath & Austin,
1989) have indicated success in implementing an alternative 
instructional approach to aid students learning of algebraic
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concepts. The use of concrete materials is an area which 
warrants more research.
Related Research Studies
In addition to research specifically related to content 
and instructional practices, other research provided insight 
into students' thinking. Chalouh and Herscovics (1988) 
designed a teaching outline which was based on geometric 
representations and used hidden quantities to introduce the 
idea of unknown and then let letters stand for specific 
unknown quantities. Three 6th grade and three 7th grade 
students who had no formal course in algebra were involved 
in the study. The three in each grade included one weak, 
one average and one strong mathematics student. Interviews 
were conducted with the students to enable immediate 
feedback from the students and further probe their thinking.
The teaching outline (Chalouh & Herscovics, 1988) was 
designed to accommodate four cognitive obstacles that had 
been identified in previous research: (a) students' lack of
numerical referent, in other words, students didn't view 
letters as representing numbers (Davis, 1975; as cited in 
Booth, 1988); (b) a student's inability to accept the lack 
of closure which meant students had difficulty holding 
unevaluated operations in suspension (Collis, 1974; as cited 
in Booth); (c) the name-process dilemma (in arithmetic "2 + 
3" is the problem and "5" is the answer; however in algebra 
"x + 3 "  describes both the problem and the answer) (Davis,
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1975; as cited in Booth); and (d) different meanings of 
concatenation (the juxtaposition of two numbers in 
arithmetic denotes addition, whereas in algebra it denotes 
multiplication) associated with algebra and arithmetic which 
causes students difficulty (Matz, 1979; as cited in Booth).
It was found that students showed a natural tendency to 
interpret an algebraic expression new to them in terms of 
what they learned in arithmetic (Chalouh & Herscovics,
1988). In the post-test five of the six students gave very 
similar answers to what they had said in the pre-test, so at 
first glance it appeared the teaching outline had made no 
difference. When questioned in the interviews, however, 
once the students were told to answer in algebra, four of 
the six changed their answers to the correct response. All 
of the students eventually succeeded in constructing meaning 
for algebraic expressions (Chalouh & Herscovics).
In 1976 the Chelsea Diagnostic Mathematics Test was 
given in the United Kingdom to 3000 secondary school 
children (13.3, 14.3, 15.3 mean ages) (Kuchemann, 1978).
The test was constructed within a Piagetian framework. Test 
questions were identified as early concrete, late concrete, 
early formal and late formal. Kuchemann classified each 
test item into one of six levels of interpretation of 
letters. The six levels were: (a) letter evaluated, (b)
letter not used, (c) letter used as an object, (d) letter 
used as a specific unknown, (e) letter used as a generalized
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number, and (f) letter used as a variable. These levels 
were based on previous levels developed by Collis (1975).
The different interpretations of the letters paralleled the 
Piagetian sub-stages. It was found that few students (6%) 
could work with the letter used as variable. Students were 
able to be more successful when they were working on letters 
as evaluated (92%), letter as ignored (68% to 97%), letter 
as object (64% to 94%), letter as specific unknown (22% to 
41%), letter as generalized number (25% to 30%) and letter 
as variable (6%). Children's likelihood of solving any 
given item depended on the complexity of the items in 
addition to the level of interpretation.
Booth (1984) followed up Kuchemann's study and 
investigated the reasons for the errors that had occurred 
most frequently in the Concepts in Secondary Mathematics and 
Science study. Interviews with 50 students suggested that 
the difficulty students had in interpreting letters as 
representing generalized numbers may be related to a 
"cognitive readiness" factor. The lower-ability groups were 
unable to evolve in their interpretation of letters as the 
middle- and upper-ability groups did. Another finding was 
that instruction was quite effective in changing students' 
ability to accept lack of closure. Similar errors occurred 
at each grade level.
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Cognitive Development Theory 
Research indicated that revisions in content (Booth, 
1988; Usiskin, 1987) and instructional practices (Briggs, 
Demana, & Osborne, 1986; Vollrath & Austin, 1989) could make 
a difference in students' learning of algebraic concepts.
The review of literature also focused on research related to 
the level of cognitive development needed for students to 
learn algebraic concepts was reviewed.
Piaget (1971) identified four stages of mental 
development: (a) sensorimotor (0-2), (b) prelogical (2-5),
(c) concrete operational (6-10), and (d) formal operational 
(11-adult). Bedford (1984) found that many students do not 
complete all four stages of Piaget's mental development. A 
large number of adults remain at the concrete level as well. 
Students instead need activities which will help them make 
the transition from concrete to formal (Bedford). Teachers 
can extend students' formal reasoning skills by teaching 
students to work through a sequential process, use tables, 
practice sorting through problems distinguishing known from 
unknowns, practice logical arguments, discern patterns and 
by giving students answers and asking them for questions, 
and having students draw sketches, diagrams and graphs 
(Bedford). Much can be done to extend a student's ability 
to think formally (Bedford).
Collis (1975) found that students, prior to the age of 
formal reasoning, operated at one of three levels. At the
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lowest level, students substituted one specific number for 
an unknown and, if, after one trial the value did not work, 
they gave up. At the second level, students were willing to 
try more than one trial, and at the third level, students 
could view a variable as a generalized number by which a 
symbol x could be regarded as an entity in its own right. 
Collis indicated that these three levels occurred prior to 
the age of formal reasoning, therefore, students did not 
need to have reached the age of formal reasoning to view a 
variable as a generalized number. This is critical to 
understanding the concept of variable (Booth, 1989).
Piaget (Inhelder & Piaget, 1958) indicated that each 
child learned at his or her own developmental pace and 
progressed sequentially from the concrete operational level 
to the abstract level. Two types of experiences, physical 
and logico-mathematical, are important in facilitating 
cognitive growth (Piaget, 1971). Physical experiences 
develop mental structures about objects. Logico- 
mathematical experience knowledge comes not from the objects 
themselves, but from the actions which are effected upon the 
objects (Henry, 1978).
Constructivists also indicate the importance of using 
meaningful experiences to build knowledge. Knowledge is not 
something that can be transferred from one person to 
another, but rather each individual must construct knowledge 
for and by himself (Blais, 1988). Constructivists
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differentiate information from knowledge in that information 
can be transmitted and a correct performance can be 
attained. Gaining knowledge means gaining expertise. The 
typical mathematics classroom inhibits students from 
constructing knowledge for themselves since teachers use 
explanations that are top-down, well-organized and include 
the remedial-processing option. Conventional instruction 
encourages algorithmic activity (Blais).
Bruner (1960) also stressed the importance of physical 
experiences. He indicated that algebraic concepts could be 
taught to young children if the abstraction was removed and 
appropriate physical models were used.
Ausubel and Robinson (1969) suggested that mathematics 
was a special formalized language and should be taught as 
such. Mathematical learning, according to Ausubel and 
Robinson followed in stages. In the early stages 
mathematics dealt with concepts that are conveyed by simple 
explicit images. The operational terms in mathematics 
convey to the child certain explicit, dynamic or kinesthetic 
images dependent upon the child's experiences. Students 
must also understand systems of propositions. Ausubel and 
Robinson indicated that practice in manipulating concrete 
objects can serve as a basis for understanding arithmetic 
ideas and provide a medium for the inductive process of 
concept formation. Algebraic symbols bear a one-to-many 
correspondence to arithmetic symbols (Ausubel & Robinson).
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Bohan (1971) indicated that most students need pictures 
of the objects (semiconcrete) and diagram (semiabstract) 
models to guide them from the concrete to the abstract.
Bohan reports a progression from concrete to pictures of 
objects to the use of diagrams to finally the use of the 
symbols to represent the concept.
Research indicated that most students in the middle 
grades have not reached a formal level of reasoning 
(Bedford, 1984). Students can understand variable as 
generalized number prior to formal reasoning (Collis, 1975). 
Many researchers indicated that students' learning evolves 
through stages (Ausubel & Robinson, 1969; Inhelder & Piaget, 
1958) and that the use of concrete manipulatives (Blais,
1988; Bruner, 1960; Piaget, 1971) is important to bridge the 
gap between concrete and abstract reasoning.
Summary
Research (Booth, 1988; Herscovics, 1989) has 
illustrated the many difficulties involved in the learning 
of algebra. A major theme throughout indicated the need for 
algebraic concepts to be taught at an earlier time than the 
traditional ninth-grade algebra course (Bradfield, 1965; 
Hazlewood et al., 1989; Usiskin, 1987). It was also clear 
that the teaching of algebraic concepts needs to incorporate 
meaningful experiences using hands on activities (Rosnick & 
Clement, 1980). Research further indicated that the concept 
of variable is one of the most important algebraic concepts
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to be taught and could be successfully taught in the middle 
grades (Curriculum and Evaluation Standards, 1989). In 
addition, research indicated the difficulties involved in 
defining variable and the many uses of variables that are 
not always identified by students (Schoenfeld & Arcavi,
1988) .
Students' concept of variable has been formed by prior 
experiences in arithmetic (Chalouh & Herscovics, 1988) and 
by the rote manipulation of symbols (Thorpe, 1989) which 
often leads students to believe there is one way to view a 
variable rather than the many ways presented in the 
research.
Finally, the research indicated that most students in 
the middle grades are not functioning at a formal level of 
reasoning (Bedford, 1984). The use of concrete 
manipulatives is necessary to extend the level of reasoning 
from concrete to formal (Blais, 1988; Bruner, 1960; Piaget, 
1971).
The literature review revealed the many difficulties 
related to students' learning of the concept of variable. 
Further study is warranted to determine the effect of 
concrete manipulatives on students' knowledge of the concept 
of variable.
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CHAPTER 3 
METHODOLOGY AND PROCEDURES 
The purpose of this study was to investigate middle 
school students' knowledge of the concept of variable and to 
determine the effect of one commercial product, Hands-On 
Eguations, on students' knowledge of the concept. Students 
who participated in the program, Hands-On Equations, were 
compared to students who did not participate in the program. 
Attitudes of students toward mathematics who had 
participated in the instructional sequence were analyzed and 
compared with students who did not participate in the 
program, Hands-On Equations. This chapter includes the 
population and sample, instrumentation, procedures, null 
hypotheses and the analysis of data.
Population and Sample 
The population consisted of sixth, seventh, and eighth 
grade students attending schools in the northeast region of 
Iowa designated by the State of Iowa as Area 1. The sample 
was determined by those teachers in Area 1 who volunteered 
to be trained in the use of the concrete manipulatives, 
Hands-On Equations, and those who volunteered to have their 
students tested to serve as a comparison group.
The sample included an experimental group and a group 
which was used for comparison purposes only. In the 
experimental groups there were three classrooms of sixth
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graders, three classrooms of seventh graders and three 
classrooms of eighth graders. The comparison groups were 
one classroom of sixth graders, two classrooms of seventh 
graders and two classrooms of eighth graders. The average 
size of classes investigated in the study was approximately 
25 students. A total of approximately 225 students were 
involved in using Hands-On Equations and approximately 150 
students formed the comparison groups. Classrooms were 
similar in two areas, (a) textbook (year and publisher; see 
Appendix H ) , and (b) teacher's background in mathematics.
Instrumentat i on 
The Chelsea Diagnostic Mathematics Test (see Appendix 
F) was administered to assess students' understanding of the 
concept of variable. This test was developed by Hart,
Brown, Kerslake, Kuchemann, and Ruddock (1985) in the United 
Kingdom and was comprised of 23 problems. The authors coded 
correct and incorrect responses. The incorrect responses 
were further coded to indicate a categorical error which was 
made by students. (Written permission was given by the 
author to change pence and pounds to cents and dollars so 
students weren't confused by the terminology. See Appendix 
E.) This test was a diagnostic test so a reliability 
coefficient was not indicated; however, four tests were used 
twice with large samples of children, with consistent 
results. Furthermore, a longitudinal study was carried out 
over three years which also yielded consistent results.
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Kruskal's gamma was used as a validity measure and yielded 
values between .68 and .79. This instrument was used as a 
pre-test and post-test measure.
The Mathematics Self Concept Scale (Holly, 1971; see 
Appendix G) was administered to determine students' 
attitudes toward mathematics and the commercial product 
Hands-On Equations. The test consisted o f  22 items with 
seven categorical responses for each item. The seven point 
scale ranged from Very Strongly Agree (VSA) to Very Strongly 
Disagree (VSD). A numerical value from one to seven was 
assigned to each category and the total scores could range 
from 22 to 154 points. The test developers found that in a 
sample of 34 High School Modern Algebra the students' scores 
ranged from 43 to 132, with a median score of 99, a mean 
equal to 97.8, with a standard deviation of 19.11 and a 
standard error of the mean equal to 3.27. The reliability 
and validity of test-retest (n = 34) was .73. The 
correlation of the Math Self Concept Scale and three 
psychologists' rankings of total self-concept in students 
"Drawings of a person" yielded significance at the .05 level 
in one of the three rankings. Significance at the .01 level 
was achieved in the correlation of the California Test of 
Mental Maturity and the Math Self Concept Scale (r = .61). 
Correlation coefficients between Mathematics Self Concept 
Scale and academic achievement in mathematics yielded r =
.324 when the Mathematics Self Concept Scale was correlated
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with WRAT-Arithmetic, and when correlated with subjects high 
school record the correlation was r = .343 when compared to 
the students' high school mathematics grade point average.
A correlation of an experimental form of the Mathematics 
Self Concept Scale with three affective variables yielded 
significant correlations (r = .23, p  < .01) between the 
Mathematics Self Concept Scale and the Intellectual 
Achievement Responsibility Questionnaire-Positive Events 
Score, and a significant correlation (r = .48, p <  .01) 
between the attitude measure and School Sentiment Index 
(SSI).
Cherkas (1992), and Klauer and Rule (1985) posit that a 
great deal can be learned from the type of errors students 
make, so an analysis of the errors was compared with errors 
made in 1976 and analyzed by Kuchemann (1978). Students' 
answers were coded with codes ranging from Code 0 to Code 9: 
(a) Code 0 indicated the student omitted the answer, (b)
Code 1 indicated a correct response, (c) Code 2 indicated 
the students' response was ambiguous, (d) Code 3 and Code 4 
indicated the student interpreted the letter as evaluated 
(two codes were used to delineate the two different answers 
which consistently occurred), (e) Code 5 and Code 6 
indicated the student interpreted the letter as an object 
(two codes were used to delineate the two different answers 
which consistently occurred), (f) Code 7 indicated the 
student did not use the letter, (g) Code 8 indicated the
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student had difficulty with premature closure, (h) Code 9
\
indicated that the students' response came under none of the 
codes provided. Realizing what errors students were likely 
to make indicated which concepts needed to be mastered prior 
to the introduction of the topic (Klauer & Rule). A grid 
was used to report the type of errors students made on each 
of the 23 test items using the previously outlined coding 
system. Each of the test items were analyzed and a table 
was used to report percentages of each type of coded error 
which occurred for each item.
Procedures
There were 10 junior high schools, seven middle 
schools, and 57 elementary schools in the geographic area in 
Iowa designated as Area 1. A listing of teachers who were 
authorized to teach mathematics was obtained from the Iowa 
Department of Education. Teachers were sent a letter asking 
them to participate in the study (Appendix A). Teachers 
indicated on a postcard (Appendix C) whether they were 
interested in being a part of the study and if so whether 
they would agree to be a member of the experimental or 
comparison group. Nine teachers were selected from these 
responses to be in the experimental group based on the 
publication date of the textbook they were using. Textbooks 
after 1991 would have been affected by the changes which the 
National Council of Teachers of Mathematics have outlined in 
the Curriculum and Evaluation Standards for School
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Mathematics. If the teachers were using textbooks prior to 
1991 they would be deemed "traditional" textbooks. Five 
teachers were selected from these responses to be in the 
comparison group. The following time line identifies the 
structure of this study:
August 22, 1992: Teachers in the experimental group
met for a 3 hour training session in Hands-On Equations 
Learning System. Classrooms sets of the instructional 
program were distributed. Teachers also received classroom 
copies of the Chelsea Diagnostic Mathematics Test and the 
Mathematics Self Concept Scale. Postage paid envelopes were 
included for returning the tests.
August 24, 1992: The comparison group teachers were
sent copies of the Chelsea Diagnostic Mathematics Test and 
the Mathematics Self Concept Scale. Postage paid envelopes 
were enclosed for returning the tests.
August 31-September 11: Teachers administered the pre­
tests during the first week of classes. Some schools 
started the week of August 31, while others started the week 
of September 7th.
October 12, 1992: Experimental and comparison group
teachers were sent the Chelsea Diagnostic Mathematics Test 
and the Mathematics Self Concept Scale to be used as post­
tests. Postage paid envelopes were enclosed for returning 
the tests.
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October 26-November 6: Teachers administered post­
tests seven weeks after the pre-tests. This date was 
affected by when school started in the fall.
Teachers in the experimental group volunteered to 
participate and agreed to the following agenda:
1. Attended a three hour training session-(Time and 
place were arranged by those involved).
2. Integrated the Hands-On Equations Learning System 
for 7 one-half hour sessions over a period of seven weeks in 
their classrooms.
3. Administered a one-half hour pre-test to their 
students before the implementation of the Hands-On Equations 
Learning System.
4. Administered a one-half hour post-test to their 
students after the implementation of the Hands-On Equations 
Learning System.
5. Administered a 22 item attitudinal instrument 
before and after the implementation of the Hands-On 
Equations Learning System.
Teachers in the comparison group volunteered and were 
willing to incorporate the following into their classrooms.
1. Administered a one-half hour pre-test to their 
classroom.
2. Administered a one-half hour post-test to their 
classroom 7 weeks later.
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3. Administered a pre-test/post-test paper-pencil 
attitudinal instrument.
4. Incorporated only those materials usually used in 
their classroom.
Null Hypotheses
The following hypotheses were investigated in the 
study.
Hypothesis 1
There is no relationship between knowledge of the 
concept of variable, as reflected by the mean scores on the 
Chelsea Diagnostic Mathematics Test, and attitudes of 
students as reflected by the scaled scores on the 
Mathematics Self Concept Scale.
Hypothesis 2
There is no significant interaction between 
instructional group and grade level for the dependent 
variable, knowledge of the concept of variable, as reflected 
in the mean scores on the Chelsea Diagnostic Mathematics 
Test.
Hypothesis 3
Hypothesis 3: There is no significant difference in
students' knowledge of the concept of variable, as reflected 
in the mean scores on the Chelsea Diagnostic Mathematics 
Test, between the students receiving experience on Hands-On 
Equations and those who did not.
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Hypothesis 4
There is no significant difference in the knowledge of 
the concept of variable, as reflected in the mean scores on 
the Chelsea Diagnostic Mathematics Tests, as a function of 
grade level.
Hypothesis 5
There is no significant interaction between 
instructional group and grade level for the dependent 
variable, students' attitudes toward mathematics, as 
reflected in the mean scaled scores on the Mathematics Self 
Concept Scale.
Hypothesis 6
There is no significant difference between attitudes as 
reflected by the scaled scores of the Mathematics Self 
Concept Scale, as a function of grade level.
Hypothesis 7
There is no significant difference in students' 
attitudes toward mathematics, as reflected in the scaled 
scores on the Mathematics Self Concept Scale, between 
students receiving experience with Hands-On Equations and 
those who did not.
Analysis of Data 
The Pearson r product correlation was used to test 
hypothesis 1. Hypothesis 1 posited that a relationship 
existed between students' knowledge of the concept of 
variable and attitudes of students toward mathematics.
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A 2 X 3 analysis of covariance was used to test 
hypotheses 2 for significance at .05 level. The two 
independent variables were two approaches to instruction 
(Experimental, Comparison) and three grade levels (6, 7, 8). 
The dependent variable was the post-test scores from the 
Chelsea Diagnostic Mathematics Test. The pre-test scores 
from the Chelsea Diagnostic Mathematics Test and the 
Mathematics Self Concept Scale were used as covariates. 
One-way analyses of covariance and post hoc t tests were 
used to determine whether to accept or reject hypotheses 3 
and 4.
A 2 X 3 analysis of covariance was used to test 
hypothesis 5 for significance at .05 level. The two 
independent variables were two approaches to instruction 
(Experimental, Comparison) and three grade levels (6, 7, 8). 
The dependent variable was the scores from the Mathematics 
Self Concept Scale. The pre-test scores from the 
Mathematics Self Concept Scale and the Chelsea Diagnostic 
Mathematics Test were used as covariates. One-way analyses 
of covariance and post hoc t tests were conducted to 
determine whether to accept or reject hypotheses 6 and 7.
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RESULTS
This chapter presents the results of the investigation 
of middle school students' knowledge of the concept of 
variable and the effect of one commercial product, Hands-On 
Equations, on students' knowledge of the concept and 
students' attitudes toward mathematics. Students who 
participated in the program, Hands-On Equations, were 
compared to students who did not participate in the program 
using pre- and post-tests scores on the Chelsea Diagnostic 
Mathematics Test and the Mathematics Self Concept Scale.
This chapter is divided into three sections. In the 
first section a description of the subjects is presented.
The results of the study related to the hypotheses are 
presented in section two. The final section includes an 
analysis of students' errors relative to problem inquiry and 
application of the concept of variable.
Subjects
The subjects of the study were sixth, seventh, and 
eighth grade students of volunteer teachers who were 
authorized to teach mathematics by the Iowa Department of 
Education. The teachers were located in schools in 
Northeast Iowa designated as Area I.
Students in 14 classrooms participated in this study. 
The experimental group was comprised of students in three 
sixth, three seventh, and three eighth grade classrooms.
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The comparison group was made up of students in one sixth 
grade classroom, two seventh grade classrooms, and two 
eighth grade classrooms. Thirteen teachers were involved in 
the study.
Subjects consisted of 352 sixth, seventh, and eighth 
grade students. Subjects used in the data analysis were 335 
students for whom complete data (pre- and post-test results) 
were obtained. Table 1 reports the number of students 
involved in the study by grade and by group assignment.
Table 1






6th grade 78/3 24/1 102/4
7th grade 74/3 41/2 115/5
8th grade 74/3 42/2 116/5
Totals 226/9 107/5 333/14
Of the 14 classrooms, two of the eighth grade 
experimental classrooms were from schools in a metropolitan 
area, one was from a small rural school. Two of these 
classrooms were deemed average by their teachers whereas one 
of these was comprised of learning disabled students. Both 
of the eighth grade comparison classrooms were located in a
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metropolitan area and were deemed honors classrooms by their 
teacher. Two of the experimental seventh grade classrooms 
were located in cities with populations less than 5000 while 
the third experimental classroom was located in a large 
metropolitan city. One seventh grade comparison classroom 
was located in a large metropolitan school and one was in a 
city of less than 5000. The three experimental sixth grade 
classrooms were all located in schools whose cities had 
populations less than 5000. The sixth grade comparison 
classroom was from a large metropolitan city.
The subjects were pre-tested during the first week of 
school in the fall and were post-tested seven weeks later. 
The teachers of the experimental classrooms were trained by 
a representative of Hands-On Equations prior to the 
beginning of school. They conducted Level I of the Hands-On 
Equations Learning System for seven weeks, whereas those 
teachers of the comparison groups taught the standard 
curriculum. The textbooks which were used in the 
experimental groups had been published from 1982-1987. The 
comparison groups used textbooks published from 1986-1992 
(See Appendix H for Textbook Information).
Data Analysis Related to Hypotheses
This section reports the data from the study related to 
the seven hypotheses. Hypothesis 1 concerned the 
relationship between knowledge of the concept of variable 
and attitudes of students toward mathematics. Hypothesis 2
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involved the interaction between instructional group and 
grade for knowledge of the concept of variable. Hypothesis 
3 and Hypothesis 4 involved the differences in knowledge of 
the concept of variable between groups, experimental and 
comparison, and between grades, respectively. Hypothesis 5 
concerned the interaction between instructional group and 
grade for students' attitudes toward mathematics.
Hypothesis 6 and Hypothesis 7 involved the differences in 
students' attitudes toward mathematics between grades and 
instructional groups, experimental and comparison, 
respectively.
Hypothesis 1
Hypothesis 1: There is no relationship between
knowledge of the concept of variable, as reflected by the 
mean scores on the Chelsea Diagnostic Mathematics Test, and 
attitudes of students, as reflected by the scaled scores on 
the Mathematics Self Concept Scale.
The Pearson r product moment correlation coefficient 
was used to test whether a relationship existed between 
knowledge of the concept of variable and attitudes of 
students toward mathematics. The rank scores of the 
attitude measure were summed and expressed as a scaled 
score. These scaled scores were analyzed as continuous 
scores. The results of the Pearson r correlation are 
reported in Table 2.
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
63
Table 2




Note. * e  < *01.
a^f ~~ 333.
The value of the correlation coefficient for attitude 
and variable on the post-test measures was .2139 (p < .01). 
This indicated that there was a relationship between 
attitudes and knowledge of the concept of variable and 
therefore Hypothesis 1 was rejected. Students who had 
scored higher on the post-test for the attitude measure also 
scored higher on the post-test for the concept of variable 
measure. The rejection level of Hypothesis 1 was .01; the 
correlation of post-attitude and post-variable score was 
significant at the .01 level. It appears that students who 
showed the greatest increases in amount of knowledge also 
reflected the more positive attitudes. Further analyses are 
necessary to explore the relationship between these two 
variables and the other variables examined in the study. In 
subsequent analyses it was deemed prudent to remove initial 
(pre-test) scores as covariates.
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Hypothesis 2
Hypothesis 2: There is no significant interaction
between instructional group and grade level for the 
dependent variable, knowledge of the concept of variable, as 
reflected in the mean scores on the Chelsea Diagnostic 
Mathematics Test.
A 2 X 3 analysis of covariance was conducted to 
determine the interaction between the two instructional 
groups (Experimental and Comparison) and the three grade 
levels (6, 7, 8). Pre-test scores on the assessment for the 
knowledge of the concept of variable (Chelsea Diagnostic 
Mathematics Test) as well as pre-test scores on the attitude 
measure (Mathematics Self Concept Scale) were used as 
covariates to control for initial differences. Table 3 
reports the results of that analysis. There was a 
statistically significant interaction between the two 
instructional groups and the three grade levels (F = 16.17,
E < .05); therefore, Hypothesis 2 was rejected. Controlling 
for initial differences on the concept of variable was 
statistically significant (F = 1128.38, p < .05). This 
result indicated that there were initial differences in 
students' knowledge of the concept of variable and further 
analysis will use the pre-test scores on the knowledge of 
the concept of variable as a covariate.
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Table 3
Analysis of Covariance-Interaction of Grade Level and 
Instructional Group for Knowledge of the Concept of Variable
Source of Variation df MS F
Covariates 2 14470.77 594.89*
Prevar 1 27448.06 1128.38*
Preatt 1 3.944 .16
Main Effects 3 196.75 8.09*
Expgrp 1 49.22 2.02
Gr 2 232.45 9.56*
2-way interactions 2 393.30 16.17*
Expgrp Gr 2 393.30 16.17*
Residual 325 24.33
Note. *p < -05
There were not significant initial differences 
detected between students' attitudes toward mathematics (F = 
3.944, e  > .05); therefore, the pre-attitude scores were not 
used as a covariate in further analyses of students' 
knowledge of the concept of variable. Since statistical 
significance was detected in the interaction between concept 
of variable and attitudes of students toward mathematics, 
further analyses were conducted to identify where the 
significant differences were occurring.
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Hypothesis 3
Hypothesis 3: There is no significant difference in
students' knowledge of the concept of variable, as reflected 
in the mean scores on the Chelsea Diagnostic Mathematics 
Test, between the students receiving experience on Hands-On 
Equations and those who did not.
The Chelsea Diagnostic Mathematics Test was a 23 item 
test with a possible score of 53. The mean scores of 
students in the experimental and the comparison group on the 
Chelsea Diagnostic Mathematics Test are shown in Table 4.
Table 4
Pre- and Post-Test Mean Scores on the Chelsea Diagnostic 






Experimental (n = 226) 13.42 5.74 18.04 6.98
Comparison (n = 107) 22.94 12.68 26.07 14.59
The post-test scores of the experimental and comparison 
groups were analyzed using the 2 X 3  analysis of covariance. 
Since the main effect for instructional group (Expgrp) was 
not significant (F = 2.02, p > .05), Hypothesis 3 can't be 
rejected. However, the presence of a significant 
interaction suggests the importance of further analyses.
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Ignoring grade level, then, there was not a significant 
difference in mean scores between students who used Hands-On 
Equations and those who did not. The mean scores in Table 4 
indicated that in both the experimental and comparison 
groups there was improvement in the students' understanding 
of the concept of variable; however, there was not a 
statistically significant difference between the groups. 
Hypothesis 4
Hypothesis 4: There is no significant difference in
knowledge of the concept of variable, as reflected in the 
mean scores on the Chelsea Diagnostic Mathematics Tests, as 
a function of grade level.
Since main effect for grade (Gr) was significant (F = 
9.56, p < .05), hypothesis 4 was rejected. Analyses of 
covariance post hoc t tests were conducted to analyze 
differences between pre- and post-test scores on the Chelsea 
Diagnostic Mathematics Test as a function of grade level.
The pre- and post-test mean scores of the Chelsea Diagnostic 
Mathematics Test by grade are shown in Table 5. Since a 
difference in the knowledge of the concept of variable had 
been detected by grade, an analysis of covariance by each 
grade was conducted to identify where the differences were 
occurring.
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Table 5
Pre- and Post-Test Mean Scores on Concept of Variable bv 
Grade
Pre Post
M SD M SD
Grade 6 (n = 102) 13.25 5.68 16.66 7.15
Grade 7 (n = 116) 13.09 5.10 16.66 5.90
Grade 8 (n = 117) 22.79 12.62 28.21 13.00
Post hoc paired t tests were also conducted. This 
analysis explores the significant group X grade interaction 
from the original 2 X 3  analysis. Table 6 reports the pre- 
and post-test mean scores on the concept of variable for 
sixth grade students in the experimental and comparison 
groups.
Table 6
Sixth Grade: Pre- and Post-Test Scores on Concept of 
Variable bv Instructional Group
Pre Post
M SD M SD
Exper imenta1 (H = 78) 12.96 6.13 17.45 7.52
Comparison (n = 24) 14.21 3.82 14.08 5.11
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An analysis of covariance at the sixth grade level to 
identify significant differences between the pre- and post­
test scores by instructional group was conducted and the 
results are shown in Table 7.
Table 7
Sixth Grade: Analysis of Covariance-Concept of Variable
bv Instructional Group
Source of Variation df MS F
Covariates 1 1367.13 38.99*
Prevar 1 1367.13 38.99*
Main Effects 1 322.40 9.19*
Expgrp 1 322.40 9.19*
Residual 99 35.07
Note. *p < .05.
An F value equal to 9.19 is not likely to occur (p = 
.003) if there are not true differences in mean scores 
between the experimental and comparison groups. Significant 
differences at the .05 level were observed. Paired t tests 
were performed to analyze where the differences were 
occurring in the sixth grade. Results of the comparison 
group and experimental group analysis are reported in Table 
8.
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
70
Table 8
Sixth Grade Paired t Test bv Instructional Group- 




t value df 2-tail
Prob.
Comparison Group
Pre (n = 24) 





.14 23 . 89
Experimental Group
Pre (n = 78) 






Note. *p < .05.
In the comparison group a t value of .14 (p = .89) was 
not significant at the .05 level and therefore significant 
differences were not observed between students in sixth 
grade in the comparison group on the pre- and post-tests 
scores on the concept of variable. In the experimental 
group a t value of -6.01 (p = .000) was significant at the 
.05 level and differences were observed between students in 
sixth grade in the experimental group on the pre- and post­
tests scores on the concept of variable. The t test 
analysis indicated that while there were significant 
differences in the experimental group, there were not 
significant differences in the comparison group scores.
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significant differences in the comparison group scores.
These results identify the direction of the differences 
detected in the analysis of covariance, and indicate that 
there was significantly more improvement in the experimental 
group than in the comparison group.
Table 9 reports the pre- and post-test mean scores on 
the concept of variable for seventh grade students in the 
experimental and comparison groups.
Table 9
Seventh Grade: Pre- and Post-Test Scores on Concept of 





Exper imenta1 (n = 74) 13.03 5.19 17.08 5. 95
Comparison (n = 41) 13.32 4.98 15.88 5.88
An analysis of covariance was performed to identify 
whether significant differences were occurring at the 
seventh grade level between the pre- and post-test scores by 
instructional group. The results are shown in Table 10.
The probability of observing an F statistic equal to 2.56 is 
.112. At the seventh grade level, the null hypothesis which 
states, "There is no significant difference in the amount of
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knowledge of the concept of variable, as reflected in the 
mean scores on the Chelsea Diagnostic Mathematics Tests, as 
a function of grade level," was not rejected.
Table 10
bv Instructional Group
Source of Variation df MS F
Covariates 1 1628.94 78.50*
Prevar 1 1628.94 78.50*
Main Effects 1 53.10 2.56
Expgrp 1 53.10 2.56
Residual 112 20.75
Note. *p < .05,
It was not necessary to conduct a post hoc t test 
since the analysis of covariance did not detect any 
significant differences between groups at the seventh grade 
level. The t test results are included in Table 11 for 
information purposes only. Both groups improved in their 
understanding of the concept of variable; however, the 
experimental group did not improve significantly more than 
the comparison group.
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Table 11
Seventh Grade Paired t Test bv Instructional Group- 




t value df 2-tail
Prob.
Comparison Group
Pre (n = 41) 





-4.68 40 . 00*
Experimental Group
Pre (n = 74) 





-6.62 73 . 00*
Note. *p < .05.
Table 12 reports the pre- and post-test mean scores on
the concept of variable for eighth grade students by 
experimental and comparison groups.
Table 12
Eighth Grade: Pre- and Post-Test Scores on Concept of 
Variable bv Instructional Group
Pre Post
M SD M SD
Experimental (n = 74) 14.28 5.81 19.64 7.16
Comparison (n = 42) 37.33 5.83 42.88 4.97
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Pre-test mean scores of the experimental (M = 14.28) 
and the comparison (M = 37.33) groups require notation due 
to their diversity. The experimental group included one 
classroom of students identified by their teacher as 
"learning disabled". The comparison group included two 
classrooms identified by their teacher as "honors" students. 
An analysis of covariance was performed at the eighth grade 
level to identify significant differences between the pre- 
and post-test scores by instructional group. The results 
are shown in Table 13.
Table 13
bv Instructional Groun
Source of Variation df MS E
Covariates 1 16994.65 897.60*
Prevar 1 16994.65 897.60*
Main Effects 1 103.57 5.47*
Expgrp 1 103.57 5.47*
Residual 113 18.93
Note. *p < .05.
An F value equal to 5.47 is not likely to occur (p = 
.021) if there are not true differences in mean scores
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An F value equal to 5.47 is not likely to occur (e  = 
.021) if there are not true differences in mean scores 
between the experimental and comparison groups. It is 
therefore concluded that there was a significant difference 
between eighth grade students' knowledge of the concept of 
variable as a function of instructional group.
A paired t test was conducted at the eighth grade level 
to analyze differences by instructional group. Results of 
the comparison group and experimental group analysis are 
reported in Table 14.
Table 14
Eighth Grade Paired t Test bv Instructional Group- 




t value df 2-tail
Prob.
Comparison Group
Pre (n = 42) 37.33 5.83
-7.90 41 .000*
Post (n = 42) 42.88 4.97 '
Experimental Group 
Pre (n = 74) 14.28 5.81
-10.47 73 . 000*
Post (n = 74) 19.64 7.16
Note. *£ < .05.
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observed between students in eighth grade in the comparison 
group on the pre- and post-tests scores on the concept of 
variable. A t value of -10.47 (p < .001) was significant at 
the .05 level and differences were observed between students 
in eighth grade in the experimental group on the pre- and 
post-tests scores on the concept of variable. The t test 
analysis in eighth grade indicated that there were 
significant differences in both the experimental and 
comparison groups between pre- and post-test scores.
Further analyses indicated that the absolute amount of gain 
in each group was approximately the same (Experimental group 
gain = 5.35, Comparison Group gain = 5.54). Further 
analysis indicated that the grand mean was equal to 28.05. 
The adjusted mean for the control group was equal to 3 0.77, 
and the adjusted mean for the experimental group was 26.51. 
An analysis of the means and standard deviations of each 
group revealed initial differences between the experimental 
(M = 14.28) and the comparison (M = 37.33) groups and 
differences in standard deviations between the experimental 
(pre-test SD = 5.81; post-test SD = 7.16) and comparison 
(pre-test SD = 5.83; post-test SD = 4.97) groups. Standard 
deviations of scores in the comparison group between pre- 
and post-tests decreased in magnitude, while the standard 
deviation of scores in the experimental group increased in 
magnitude. The significant difference detected at the 
eighth grade level was not relevant, and the implementation
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of Hands-On Equations at the eighth grade level does not 
appear to be more or less effective than the traditional 
curriculum.
Hypothesis 4 which states, "There is no significant 
difference in the amount of knowledge of the concept of 
variable, as reflected in the mean scores on the Chelsea 
Diagnostic Mathematics Tests, as a function of grade level," 
was rejected since the analysis of covariance indicated 
significant differences between the mean scores of students 
by grades. Further testing was conducted at the sixth, 
seventh, and eighth grade levels to identify in which grades 
there were significant differences. It was found that there 
was improvement in all grades and in each instructional 
group, except at the sixth grade level in the comparison 
group. It was also found that there were significant 
differences in students' knowledge of the concept of 
variable between the experimental and comparison groups at 
both the sixth and eighth grade level. Hands-On Equations 
was effective at the sixth grade level. The interpretation 
of the statistical significance detected at the eighth grade 
level is limited by the initial differences that existed 
between the experimental and the comparison groups.
Summary of Tests Related to Concept of Variable
Hypothesis 1 was rejected since the analysis, Pearson r 
correlation coefficient, indicated a relationship between 
knowledge of the concept of variable and students' attitudes
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knowledge of the concept of variable and students' attitudes 
toward mathematics was detected using a 2 X 3 analysis of 
covariance and Hypothesis 2 was rejected. Hypothesis 3 and 
Hypothesis 4 were related to students' understanding of the 
concept of variable by instructional group and by grade. 
Overall, students who used Hands-On Equations did not 
improve statistically more than students who were not using 
the program. Further tests included analysis of covariance 
at each grade level and post hoc t tests. The analysis of 
covariance at the sixth grade indicated that students in 
classrooms using Hands-On Equations did significantly better 
on the post-tests than students in classrooms who were not 
using the program. The interpretation of the significant 
differences at the eighth grade level are limited due to the 
initial differences in mean scores of students at the eighth 
grade level, experimental (M = 14.28) and comparison (M = 
37.33).
Tests Related to Attitude Measure 
The Mathematics Self Concept Scale was a 22 item 7 
point rating scale. Total possible scores ranged from 22 to 
154. A scaled score of 22 would reflect a negative attitude 
toward mathematics. These scaled scores were derived by 
summing individual items which were ranked. Table 15 
reports the mean scaled scores of students in the
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experimental group and those in the comparison group on the 
Mathematics Self Concept Scale.
Table 15
Mean Scaled Scores on Mathematics Self Concept Scale as a 
Function of Instructional Group
Pre Post
M SD M SD
Experimental (n = 226) 101.27 18.52 99.13 19.31
Comparison (n = 107) 104.96 17.74 104.11 21.96
Hypothesis 5
Hypothesis 5: There is no significant interaction
between grade level and instructional group for the 
dependent variable, students' attitudes toward mathematics, 
as reflected in the mean scaled scores on the Mathematics 
Self Concept Scale.
A 2 X 3 analysis of covariance was conducted to 
determine the interaction between the two instructional 
groups (Experimental and Comparison) and the three grade 
levels (6, 7, 8) for students' attitudes toward mathematics. 
Pre-test scores on the assessment for the knowledge of the 
concept of variable (Chelsea Diagnostic Mathematics Test) as 
well as pre-test scores on the attitude measure (Mathematics 
Self Concept Scale) were used as covariates to control for
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initial differences. Table 16 reports the results of that 
analysis.
Table 16
Analvsis of Covariance'-Interaction Between Instructional
Group. and Grade Level for Students' Attitudes Toward
Mathematics
Source of Variation df MS F
Covariates 2 36060.30 187.19*
Prevar 1 994.25 5.16*
Preatt 1 64317.32 333.88*
Main Effects 3 578.07 3.00*
Expgrp 1 72.32 .38
Gr 2 860.95 4.47*
2-way interactions 2 157.52 .82
Expgrp Gr 2 157.52 .82
Residual 325 192.64
Note. *p < .05.
The interaction between instructional group and grade 
level for attitudes of students toward mathematics was not 
statistically significant (F = .82, e  > .05). Hypothesis 5 
was not rejected. The analysis also revealed that there was
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not statistical significance between instructional groups (F 
= .38, p > .05). Significance was detected by grade level 
(F = 4.47, e < •05) so further analyses were conducted by 
grade.
Hypothesis 6
Hypothesis 6: There is no significant difference
between attitudes as reflected by the scaled scores of the 
Mathematics Self Concept Scale, as a function of grade 
level.
Table 17 reports sixth, seventh, and eighth grade 
students' scaled scores on the Mathematics Self Concept 
Scale. The scores of the pre- and post-tests are included.
Table 17
Pre- and Post-test Scores on the Attitude Measure bv Grade
Pre Post
M SD M SD
Grade 6 (n = 102) 106.47 17.97 106.17 19.09
Grade 7 (n = 115) 100.47 17.96 95.39 20.96
Grade 8 (n = 116) 101.10 18.52 100.12 21.28
Students' scaled scores declined in both the sixth and 
seventh grade levels between pre- and post-test scores. At 
the eighth grade level, the scores improved.
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Hypothesis 6 was rejected since the 2 X 3  analysis of 
covariance detected a significant difference by grade (F = 
4.47, p > .05). An analysis of covariance by each grade was 
used to detect where the significant differences were 
occurring.
Table 18 reports the pre- and post-test mean scaled 
scores of sixth grade students by instructional group.
Table 18
Sixth Grade: Pre- and Post-Test Scores on the Attitude 





Exper imenta1 (n = 78) 105.71 18.08 104.94 19.58
Comparison (n = 24) 108.96 17.74 110.17 17.20
Table 19 reports the results of the analysis of
covariance on sixth grade students' scaled scores on the 
attitude measure by instructional group. The F value of .78 
was not significant at the .05 level. Sixth grade students' 
attitudes were not significantly different between the 
experimental and comparison groups in grade 6. Post hoc t 
tests revealed no additional information.
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Table 19
Sixth Grade: Analysis of Covariance on the Attitude Measure
by Instructional Group




















Note. *p < .05.
Table 20 includes the seventh grade pre- and post-test 
mean scaled scores on the attitude measure.
Table 20
Seventh Grade Mean Scaled Scores on Attitude Measure as a 
Function of Instructional Group
Pre Post
M SD M SD
Experimental (n = 74) 100.78 17.82 95.42 17.56
Comparison (n = 41) 99.61 18.50 96.78 24.71
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An analysis of covariance was conducted at the seventh 




Source of Variation df MS F
Covariates 1 22882.40 106.97*
Preatt 1 22882.40 106.97*
Main Effects 1 137.99 .65
Expgrp 1 137.99 .65
Residual 112 213.91
Note. *p < .05.
An F value of .65 was not significant at the .05 level. 
Seventh grade scaled scores were not significantly different 
by instructional group.
A paired t test was conducted at the seventh grade 
level by comparison group. The results of that test are 
shown in Table 22. A t  value of 1.26 (p = .214) was not 
significant at the .05 level and therefore significant 
differences were not observed between students in seventh
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grade in the comparison group on the pre- and post-tests 
scores on the attitude measure. A t value of 2.99 (p =
.004) was significant at the .05 level and differences were 
observed between students in seventh grade in the 
experimental group on the pre- and post-tests scores on the 
attitude measure.
Table 22
Seventh Grade Paired t Test by Instructional Group- 




t value df 2-tail
Prob.
Comparison Group
Pre (n = 41) 99.61 18.50
1.26 40 .214
Post (n = 41) 96.78 24.71
Experimental Group
Pre (n = 74) 100.78 17.82
2.99 73 . 004*
Post (n = 74) 95.42 17.56
Note. *p < .05.
The t tests analysis in seventh grade indicated that 
there were significant differences in the experimental group
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
86
but not in the comparison group. It is noted that students' 
attitudes in the seventh grade experimental group declined 
significantly.
Table 23 indicates the scaled scores of the eighth
grade students on the attitude measure.
Table 23







Experimental (n = 74) 97.09 18.88 96.73 19.50
Comparison (n = 42) 107.91 16.01 107.81 19.90
Table 24 reports the results of the analysis of 
covariance on the attitude measure at the eighth grade 
level. An F value of .83 was not significant at the .05 
level. There were not significant differences between the 
attitudes of eighth grade students in the experimental and 
comparison groups. Post hoc t tests did not reveal any 
additional findings.
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Table 24
Eighth Grade: Analysis of Covariance on the Attitude Measure
Source of Variation df MS F
Covariates 1 26121.36 140.49*
Preatt 1 26121.36 140.49*
Main Effects 1 154.59 mCO•
Expgrp 1 154.59 .83
Residual 113 185.93
Note. *2 < .05.
Hypothesis 6 was rejected since the analysis of 
covariance indicated significant differences between scaled 
scores of students in the experimental and comparison groups 
by grade. Further analyses indicated that these differences 
occurred at the seventh grade level with student attitudes 
declining significantly in the experimental group.
Hypothesis 7
Hypothesis 7: There is no significant difference in
students' attitudes toward mathematics, as reflected in the 
scaled scores on the Mathematics Self Concept Scale, between 
students receiving experience with Hands-On Equations and 
those who did not.
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The 2 X 3  analysis of covariance detected no 
significant differences by instructional group (F = .38, p > 
.05). Hypothesis 7 was not rejected indicating that 
(ignoring grade) there were no significant differences 
between attitudes of students in the experimental and 
comparison groups as a result of the treatment.
Summary of Hypotheses Related to Attitudes of Students
Toward Mathematics
The 2 X 3  analysis of covariance indicated that there 
was no interaction between instructional group and grade 
level for students7 attitudes toward mathematics.
Hypothesis 5 was not rejected. Hypothesis 6 and Hypothesis 
7 were concerned with the differences between attitudes as a 
function of grade level and instructional group, 
respectively. Hypothesis 6 was rejected. There was a 
difference in attitudes as reflected by the mean scaled 
scores of the Mathematics Self Concept Scale by grade level. 
This difference was detected at the seventh grade level in 
the experimental group. Students7 mean scores in the 
seventh grade experimental group declined significantly. 
Hypothesis 7 was rejected based on the results of the 2 X 3  
analysis of covariance. The mean scaled scores on the 
attitude measure of students who received instruction in 
Hands-On Equations were not significantly different from 
those who were using traditional curriculum.
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Analysis of Students/ Errors in Understanding 
the Concept of Variable 
The analysis of students' errors in understanding 
concept of variable is presented in three parts. The first 
part gives an overview of students' responses on the Chelsea 
Diagnostic Mathematics Test. The second part studies the 
statistical differences found to exist between the 
experimental and comparison groups at the sixth grade level. 
An analysis of the gain scores by item is used to identify 
in what way the students' concept of variable improved. 
Significant differences were also found to exist at the 
eighth grade level; however, the item differences are not 
discussed in detail due to the initial differences that 
existed between the experimental and comparison groups. 
Specific errors at each grade level and by each 
instructional group are reported in Appendix A. The final 
part of this section includes a comparison of students' 
errors made in this study with errors made by students and 
analyzed by Kuchemann (1978).
Overview
The Chelsea Diagnostic Mathematics Test was composed of 
23 items. There was a possible score of 53, since some of 
the items had several questions. Table 25 reports the 
percentages of students who answered the questions 
correctly, incorrectly or did not respond on the pre- and 
post-tests.





Pre-test 31.4% 43.1% 25.5%
Post-test 39.1% 46.1% 14.8%
Note, n = 335.
The results indicated that the percentage of correct 
answers improved by 7.7%. Students also attempted to answer 
10.7% more of the questions in the post-test than they had 
in the pre-test.
Tables 26-28 indicate the percentages of students who 
answered the questions correctly, incorrectly or did not 
respond on the pre- and post-tests by grade level and by 
instructional group. The pre- and post-tests were analyzed 
by grade and then by experimental and comparison group.
Table 26 reports the sixth grade results. Students at 
the sixth grade level answered 25.4% correct in the pre-test 
and 31.5% in the post-test. The gain of 6.1% was for the 
most part attributed to the change in the experimental 
group. The experimental group omitted fewer questions in the
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post-test than in the pre-test; whereas the comparison group 
omitted more questions in the post-test than the pre-test.
Table 26
Percentages of Sixth Grade Students7 Responses on the 
Chelsea Diagnostic Mathematics Test
Correct Incorrect Omitted
Sixth Grade
Pre-test (n = 102) 25.4% 46.7% 27.9%
Post-test (n = 102) 31.5% 48.3% 20.2%
ExDerimental
Pre-test (n = 78) 24.9% 45.0% 30.1%
Post-test (n = 78) 33.0% 48.4% 18.6%
Comoarison
Pre-test (n = 24) 26.9% 52.1% 21.0%
Post-test (n = 24) 26.7% 47.9% 25.4%
Table 27 reports the seventh grade students' responses
on the Chelsea Diagnostic Mathematics Test. At the seventh 
grade level each group improved in correct responses. In 
both the experimental and comparison groups, students 
omitted fewer questions in the post-tests.
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Table 27
Percentages of Seventh Grade Students' Responses on the 
Chelsea Diagnostic Mathematics Test
Correct Incorrect Omitted
Seventh Grade
Pre-test (n = 116) 24.8% 46.4% 28.8%
Post-test (n = 116) 31.4% 53.6% 15.0%
Experimental
Pre-test (n = 74) 24.7% 46.1% 29.0%
Post-test (n = 74) 32.3% 51.7% 16.0%
Comparison
Pre-test (n = 41) 25.2% 46.8% 28.0%
Post-test (n = 41) 30.0% 56.7% 13 .3%
Table 28 reports the eighth grade students' responses 
on the Chelsea Diagnostic Mathematics Test. Students at the 
eighth grade level in both the experimental and comparison 
groups improved by over 10%. Students in each group omitted 
fewer answers.
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Table 28
Percentages of Eighth Grade Students' Responses on the 
Chelsea Diagnostic Mathematics Test
Correct Incorrect Omitted
Eighth Grade
Pre-test (n = 117) 43.0% 36.9% 20.1%
Post-test (n = 117) 53.5% 36.7% 9.8%
Exoer imenta1
Pre-test (n = 74) 26.9% 45.7% 27.4%
Post-test (n = 74) 37.4% 49.0% 13.6%
Comoarison
Pre-test (n = 42) 70.6% 21.8% 7.6%
Post-test (n = 42) 80.9% 15.8% 3.3%
The analysis of student responses indicated that 
whether students were involved in using Hands-On Equations 
or were using a traditional curriculum, students gained in 
their knowledge of the concept of variable except at the 
sixth grade level in the comparison group. At the eighth 
grade level, one of the classrooms in the experimental group 
contained students who were learning disabled and two of the 
classrooms in the comparison group were considered honors
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students. There was approximately 10% improvement in both 
groups.
At each grade level a survey of items was conducted to 
identify questions which were consistently incorrect or 
those which were most often answered correctly. Table 29 
reports the results by grade level.
Table 29
Questions Most Frequently Missed or Most Frequently Correct
Grade Level Questions No One Questions
Answered Correctly Answered Correctly
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Over 90% of the students answered questions 6 and 21 
correctly. Question 6 was "4 added to n can be written as 
n + 4. Add 4 onto 8." This question did not involve 
interpreting a variable. Question 21 asked students to solve 
a problem involving perimeter of a figure. "The perimeter 
of this shape is equal to 6 + 3  + 4  + 2, which equals 15. 
Work out the perimeter of this shape. p = ? ". This 
question also did not involve the use of a tletter.
The test answers were coded using nine codes. Code 1
was a correct answer, Code 2 referred to responses that were
inadequate or ambiguous, Codes 3 and 4 referred to answers
where the letters had been evaluated inappropriately, Codes 
5 and 6 referred to responses where the letters had been 
used as objects. Code 7 referred to letters not used and 
Code 8 referred to premature closure. Code 9 were those 
incorrect responses that did not occur under any other code 
and code 0 were questions which were omitted. Table 3 0 
indicates the percentages of responses which were 
categorized by codes 2 thru 9 in the pre- and post-tests.
The results indicated that questions coded from 2-8 were 
few. An analysis by item revealed that particular questions 
were similarly coded in each grade level. Questions were 
identified as similarly coded if over 20% of the students at 
each grade level had responded to the question in the same 
manner.
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Table 30
Comparison of Coded Responses 2-9 Between Pre- and Post- 
Tests
Codes 2 3 & 4 5 & 6 7 8 9
Pre-test .1% 1.0% 2.0% 5.1% 4.1% 30.8%
Post-test .02% 2.1% 2.9% 4.5% 4.7% 31.8%
Questions 5, 23, 43 and 49 were coded as students 
using premature closure or code 8. Questions 7, 8, 10, 11 
and 20 were consistently found to be coded as the students 
were not using the letter or code 7. There was an 
indication in questions 14, 25 and 40 that students were 
not evaluating the letter and had been coded 3 or 4.
Finally, students had viewed the letter as an object in 
questions 27 and 50.
Changes in Sixth Grade Between Experimental and 
Comparison Groups 
An item analysis was conducted at the sixth grade level 
since the analyses of covariance had detected significant 
differences in students' understanding of the concept of 
variable between students in the experimental and comparison 
groups. Each question was reviewed and a comparison of pre- 
and post-test answers were evaluated. The item analysis for
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grades seven and eight are included in Appendix I. Items 
were chosen based on two criteria. Gain scores between pre- 
and post-test scores as well as gain scores between 
experimental and comparison groups were computed. The 
largest difference in gain scores occurred in sixteen of the 
fifty-three questions in the experimental group which did 
not occur in the comparison group.
The first difference in gain scores occurred in 
question 4. This question required the students to compare 
values of expressions involving variables.
Question 4: Write down the smallest and the largest of
these: Smallest Largest
n + l, n + 4, n - 3, n, n - 7
Students in the experimental group answered this 
question more accurately after the seven week experiment. 
Students in the comparison group answered the question less 
accurately.
Questions 7-11 involved students thinking about what
happens to the value of an expression if the operations of
addition or multiplication are used.
Question 7: 4 added to n can be written as n + 4
Add 4 to n + 5
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Question 8: 4 added to n can be written as n + 4
Add 4 to 3n ___________
Question 9: n multiplied by 4 can be written as 4n
Multiply each of these by 4: 8 __________
Question 11: n multiplied by 4 can be written as 4n
Multiply each of these by 4: 3n _________
Each of these questions except number 9 involved the 
use of letters. Students correctly responding to these 
questions would understand that a letter would represent a 
number.
Two of the questions where differences were detected 
involved equations. Students were not asked to solve the 
equations, but needed to identify what would happen to the 
value of an equation if different values were added or 
subtracted. Students were more likely to answer these 
questions correctly after using Hands-On Equations than if 
they had used the traditional curriculum.
Question 13: If n - 246 = 762
n - 247 =__________
Question 14: If e + f = 8
e + f + g = ____________
Three of the questions involved areas of figures.
Finding the areas of figures would be a typical sixth grade 
topic in the traditional mathematics curriculum.
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Question 17: What are the areas of these shapes?
3 _____________________
4
Question 18: What are the areas of these shapes?
6
10
Question 19: What are the areas of these shapes?
n
in
The first two questions did not involve the use of 
letters. Students were able to transfer their knowledge of 
areas of figures to the use of variables.
There was a difference recognized in question 29. This 
question involved replacing a variable with a specific 
number. Students then had to solve the equation. Students 
needed to realize that variables could represent a specific
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
100
number and that the value of one variable affects the value 
of another variable in an equation.
Question 29: What can you say about m if m = 3n + 1
and n = 4?
Four of the questions asked the students to write 
expressions more simply.
a + 3a can be written more simply as 4a.
Question 31: 2a + 5a =
Question 32: 2a + 5b =
Question 34: 2a + 5b + a =
Question 37: a + 4 + a - 4 =
Students working with these four questions recognized that 
to write an expression more simply, like terms are 
necessary.
The last question where there was a difference in 
improvement in the experimental group and not the comparison 
group was question 45. This question was a two part 
question. The first part of this question involved the use 
of variables. There was not a difference in gain recognized 
when students needed to use variables to solve a work 
problem; however, the difference occurred when students were 
solving a problem which did not involve letters.
Question 45: Mary's basic wage is $20 per week. She 
is also paid another $2 for each hour of
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overtime that she works. What would 
Mary's total wage be if she worked 4 
hours of overtime?
The analysis of differences between the experimental 
and comparison groups revealed that most of the questions 
which were different did involve solving problems involving 
the use of variables. This would indicate that students' 
knowledge of the concept of variable was positively 
affected.
Comparison of Students Involved in This Study With 
Students Surveyed in 1976 
Kuchemann (1978), in 1976, surveyed 2820 students in 
the United Kingdom. These students were in three groups. 
Students who ranged in age from 12 to 13 were deemed 2nd 
year, students in the age group 13-14 were deemed 3rd year, 
and students who ranged in age from 14 to 15 were 4th year. 
The children were chosen so that their IQ distribution for 
each age group did not differ significantly from what would 
be expected in a representative sample of children in 
English schools (Kuchemann, 1978).
The percentages of students in sixth, seventh, and 
eighth grade who gave correct answers and the comparison of 
their answers with those in 2nd, 3rd, and 4th year students 
in the United Kingdom is reported by item number in Appendix 
B. The percentages of students who gave certain pre-coded 
incorrect answers are also reported. Percentages are not
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shown for incorrect answers that were given by less than 10% 
of each year group. The test answers are coded using nine 
codes. Code 1 is a correct answer, Code 2 refers to 
responses that are inadequate or ambiguous, although they 
may not necessarily be regarded as wrong. Codes 3, 5, and 7 
refer respectively to answers where the letters have been 
evaluated inappropriately, used as objects, or not used. 
Codes 4 and 6 are also answers where the letters have been 
evaluated or used as objects but which occurred in less than 
10% of the research sample's responses. Code 8 responses 
are classified as premature closure (for example, writing 
4ht instead of 4h + t). Code 9 are those incorrect 
responses that did not occur under any other code and code 0 
are questions which were omitted. The post-tests scores 
were used at each grade level for this analysis.
Table 31 indicates the average of the percent of 
correct responses of students who were surveyed in 
Kuchemann's study and in the present study. The means are 
reported by grade level.
The comparison of percentages of correct responses by 
each grade level and by each question revealed that sixth 
and seventh grade students in 1976 were more accurate in 
their responses than students in the current study.
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Comparison of Average Percent of Correct Responses Between
1978 Study and Present Study by Grade Level
Grade Level 1976 1992
Sixth Grade 37.7% 28.3%
Seventh Grade 47.0% 28.2%
Eighth Grade 49.6% 50.1%
Eighth grade students in the present study had a performance 
similar to the students in 1976.
Summary of Chapter 4 
Statistical tests were conducted to identify 
relationships between the amount of knowledge of the concept 
of variable and attitudes of students. It was found that 
students' attitudes were positively correlated with 
students' knowledge of the concept of variable. There was a 
significant interaction between instructional group and 
grade level on knowledge of the concept of variable. The 
results of the statistical tests indicated that there were 
not significant differences in students' knowledge of the 
concept of variable by instructional group; however, there 
was significance detected by grade level. Further tests 
conducted at each grade level detected differences at the 
sixth and eighth grade levels. Students in the sixth grade
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classrooms using Hands-On Equations did significantly better 
on the post-tests than students in sixth grade classrooms 
who were not using the experiment. Significance was also 
detected at the eighth grade level and based on the adjusted 
means it appears that students in the comparison group did 
better than students in the experimental group. The 
interpretation of the significance levels at the eighth 
grade level must include an evaluation of the effects of the 
diverse subjects who were involved in this study. Students 
in the comparison group were in honor's classrooms, whereas 
students in one of the classrooms in the experimental group 
were learning disabled. At the seventh grade level 
students' knowledge of the concept of variable increased in 
both the experimental and comparison groups, but did not 
increase significantly between groups.
The interaction of instructional group and grade level 
on students' attitudes toward mathematics was not 
significant. Students' attitudes were analyzed as a total 
group, by grade and instructional group. The attitudes of 
students toward mathematics were quite positive by total 
group, grade and instructional group. The results of the 
statistical tests on the attitude measure indicated that 
overall, attitudes of students who had used Hands-On 
Equations were not statistically different from students who 
had not used the concrete manipulatives. There was, 
however, a difference in attitudes as reflected by the mean
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scores of the Mathematics Self Concept Scale by grade level. 
This difference was detected at the seventh grade level in 
the experimental group. Students' mean scaled scores in the 
seventh grade experimental group declined significantly.
The item analysis revealed that the total sample of 
students improved in their correct responses by 7.7%. It was 
also found that the comparison group at the sixth grade 
level was the only group who did not improve in their 
knowledge of the concept of variable over the 7 week study. 
The apparent differences which were detected in students' 
responses by item, between students in the experimental and 
comparison groups at the sixth grade level, indicated that 
gains were made in students' application of the concept of 
variable.
The comparison of students who were surveyed in 1976 
from the United Kingdom with students involved in the 
current study from Northeast Iowa revealed that sixth and 
seventh grade students from the United Kingdom answered the 
questions more accurately than students in the current 
study. At the eighth grade level, students in Northeast 
Iowa, who participated in this study, were similar in 
performance to comparable aged students from the United 
Kingdom.
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CHAPTER 5 
CONCLUSIONS AND RECOMMENDATIONS 
The research (Booth, 1986; Howden, 1990; Kuchemann, 
1978; Lawson, 1990; Wagner, 1981) indicated that there are 
many difficulties involved in the learning of algebra. In 
addition, research (Thompson, 1988; Usiskin, 1988) indicated 
that algebraic concepts need to be taught at an earlier time 
than the traditional ninth-grade algebra course. Research 
(Booth, 1989; Curriculum and Evaluation Standards, 1989; 
Rosnick, 1980) also indicated that the concept of variable 
was one of the most important algebraic concepts to be 
taught and furthermore, the concept of variable could be 
taught successfully earlier than ninth-grade algebra (Blais, 
1988; LaRoe, 1965; Lodholz, 1990; Peck & Jencks, 1988). The 
investigation of a program of study which introduced the 
concept of variable to students prior to their first course 
in algebra warranted further study. The purpose of this 
study was to investigate middle school students' knowledge 
of the concept of variable and to determine the effect of 
one commercial product, Hands-On Equations, on (a) student 
knowledge of the concept and (b) attitudes of students who 
participated in the instructional sequence, suggested in the 
program.
Thirteen teachers volunteered to be a part of this 
study and 335 students at the sixth, seventh, and eighth
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grade level participated in the study. The students were 
pre-tested at the beginning of the school year and were 
post-tested after seven-weeks. Students in the experimental 
group used Hands-On Equations during the seven-week period, 
while students in the comparison group used the traditional 
mathematics curriculum.
Seven null hypotheses were statistically tested and are 
listed below:
Hypothesis 1
There is no relationship between knowledge of the 
concept of variable, as reflected by the mean scores on the 
Chelsea Diagnostic Mathematics Test, and attitudes of 
students as reflected by the scaled scores on the 
Mathematics Self Concept Scale.
Hypothesis 2
There is no significant interaction between 
instructional group and grade level for the dependent 
variable, knowledge of the concept of variable, as reflected 
in the mean scores on the Chelsea Diagnostic Mathematics 
Test.
Hypothesis 3
Hypothesis 3: There is no significant difference in
students' knowledge of the concept of variable, as reflected 
in the mean scores on the Chelsea Diagnostic Mathematics 
Test, between the students receiving experience on Hands-On 
Equations and those who did not.
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Hypothesis 4
There is no significant difference in the amount of 
knowledge of the concept of variable, as reflected in the 
mean scores on the Chelsea Diagnostic Mathematics Test, as a 
function of grade level.
Hypothesis 5
There is no significant interaction between 
instructional group and grade level for the dependent 
variable, students' attitudes toward mathematics, as 
reflected in the mean scaled scores on the Mathematics Self 
Concept Scale.
Hypothesis 6
There is no significant difference between attitudes as 
reflected by the scaled scores of the Mathematics Self 
Concept Scale, as a function of grade level.
Hypothesis 7
There is no significant difference in students' 
attitudes toward mathematics, as reflected in the scaled 
scores on the Mathematics Self Concept Scale, between 
students receiving experience with Hands-On Equations and 
those who did not.
Hypothesis 1 was rejected. Students' attitudes were 
positively correlated with students' knowledge of the 
concept of variable. Students who had better attitudes 
toward mathematics performed better on the assessment for 
determining the amount of knowledge of the concept of
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variable. Hypothesis 2 involved the interaction between 
instructional group and grade level for the knowledge of the 
concept of variable. Hypothesis 2 was rejected. Hypothesis 
3 which was related to students' understanding of the 
concept of variable by instructional group was not rejected, 
whereas, Hypothesis 4 which was related to students' 
understanding of the concept of variable by grade was 
rejected. Further tests included analysis of covariance at 
each grade level and post hoc t tests. The analysis of 
covariance at the sixth grade level indicated that students 
using Hands-On Equations did significantly better on the 
post-tests than students in classrooms who were not using 
the experiment.
Hypothesis 5 was not rejected. Grade level and 
attitudes of students taken together did not affect 
students' knowledge of the concept of variable. Hypothesis 
6 and Hypothesis 7 were concerned with the differences 
between attitudes as a function of grade level and 
instructional group, respectively. Hypothesis 6 was 
rejected. There was a difference in attitudes as reflected 
by the mean scaled scores of the Mathematics Scale by grade 
level. This difference was detected at the seventh grade 
level in the experimental group. Students' mean scores in 
the seventh grade experimental group declined significantly. 
Hypothesis 7 was not rejected based on the results of the 
analysis of covariance. The mean scaled scores on the
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attitude measure of students who received instruction in 
Hands-On Equations were not significantly different from 
those who were using traditional curriculum.
Discussion of Findings 
This study attempted to identify what students in the 
middle grades understood about the concept of variable and 
what effect concrete manipulatives would have on knowledge 
of the concept of variable. In addition, this study 
attempted to identify what effect the use of concrete 
manipulatives would have on students' attitudes toward 
mathematics.
Students' knowledge of the concept of variable was 
found to be limited. Rosnick (1980) had found limited 
development of the concept of variable in textbooks. In 
1989, The National Council of Teachers of Mathematics 
published their recommendations for school mathematics in 
the document Curriculum and Evaluation Standards for School 
Mathematics. The development of the concept of variable in 
the middle grades was one of the changes recommended in 
school mathematics. The publishing firms responded and 
textbooks after 1991 have included more emphasis on 
algebraic concepts in the middle grades. The students who 
were involved in this study all had been instructed with 
textbooks published prior to 1991, with the exception of one 
seventh grade comparison classroom, which had implemented a 
1992 publication issue in the fall of 1992. It is believed
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that the students in this study would have had limited 
exposure to the development of the concept of variable prior 
to this study due to the limited development of the concept 
of variable in textbooks published prior to 1991. The 
highest possible score on the Chelsea Diagnostic Mathematics 
Test assessment was 53. The mean scores of students from 
the sixth to the eighth grade level ranged from 16.66 to 
28.21. Students' scores at each grade level did not reflect 
a sound conceptual understanding of the concept of variable. 
This lack of prior experiences was also recognized as a 
difficulty by other researchers (Chalouh & Herscovics,
1989) .
The use of Hands-On Equations had a positive effect on 
students' amount of knowledge of the concept of variable at 
the sixth grade level. Earlier research (Prevost, 1985) had 
indicated that algebraic concepts should not be taught prior 
to ninth-grade algebra. Carpenter et al. (1982) believed 
that if the use of concrete manipulatives was not successful 
in the learning of algebraic concepts then it must be 
concluded that the learning of algebra must be delayed until 
the student has acquired a higher level of formal reasoning. 
The findings of this study concur with Inhelder and Piaget 
(1958), Bedford (1984), and Lawson (1990) who found that 
students at this level would benefit from the use of 
concrete materials.
The results of this study indicated that students in 
the seventh grade, who used Hands-On Equations, were not
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statistically different in their knowledge of the concept of 
variable than students who had used the standard curriculum. 
This study also revealed that the only difference detected 
in students' attitudes was at the seventh grade level, where 
students' attitudes decreased. Another study involving 
seventh grade students is needed to identify if there are 
specific factors related to students' maturation levels 
which are causing these differences or if these changes 
occurred as a result of other factors. It is clear that 
students in both groups improved in their knowledge of the 
concept of variable.
Significant differences were also detected at the 
eighth grade level. There was an increase in knowledge of 
the concept of variable in both the experimental group 
(which was comprised of honors students) and the comparison 
group (which was made up of learning disabled and 
heterogeneous grouped students). The data analyses 
indicated that statistically eighth grade students improved 
more in the comparison group than in the experimental group. 
One interpretation would be that Hands-On Equations is less 
effective than a traditional curriculum for eighth grade 
students' learning of the concept of variable. Another 
interpretation would further analyze the gains exhibited by 
students in both instructional groups. Both groups gained 
approximately 5 points. It could be reasoned that Hands-On 
Equations is effective since students who were learning
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disabled would not be expected to realize the same amount of 
growth as honors students. Due to the diverse differences 
in subjects at the eighth grade level it is not possible to 
detect if there was a positive or a negative effect on 
students' learning of the concept of variable by the 
implementation of a program which uses concrete 
manipulatives.
Scores on the attitude measure ranged from 22 to 154. 
Average scaled scores by grade were all very similar. In 
addition to scores being similar at all grade levels, 
students at all grade levels appear to have generally good 
attitudes toward mathematics. Students' mean scores at the 
sixth grade level were 106.17; at the seventh grade level 
the mean score was 95.39; at the eighth grade level 
students' average score was 100.12. Statistically there was 
significance detected between the experimental and 
comparison groups in grade 7. One interpretation of this 
finding is that students who used Hands-On Equations had 
more negative feelings about mathematics than did students 
in the comparison group. Another interpretation would be 
that because mean scores were very close and the scale range 
was very broad (1-7), the reliability of the resulting 
significance should be further investigated.
The error analysis revealed that improvement in 
students' knowledge of the concept of variable at the sixth 
grade level occurred in students' ability to combine like
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terms. Students needed to be able to simplify expressions 
involving like and unlike terms. Students in the sixth 
grade experimental group answered these questions much more 
accurately on the post-tests than sixth grade students in 
the comparison group. The combining of two unlike terms 
such as 2a + 5b is a common error in algebra (Booth, 1988) . 
Another indication of students' growth in their 
understanding of the concept of variable was in students 
responses to question 8. Students were asked to "Add 4 unto 
3n". Students in the sixth grade experimental group were 
much more accurate in their responses to this question on 
the post-test. Students who are not familiar with work with 
the concept of variable will add 4 to 3 and respond "7n". 
Kieran (1989) has indicated that this is due to students' 
prior experiences with arithmetic in which students 
typically combine the numerals to find a specific answer. 
Kuchemann (1978) coded this type of response "Code 7" 
indicating that students were not using the letter.
Students in the comparison group were more likely to give 
the incorrect response, "7n".
The results indicate that students who were surveyed in 
the United Kingdom in 1976 were more knowledgeable in sixth 
and seventh grade of the concept of variable than students 
in Northeast Iowa who participated in this study.
Subjects who participated in the 1976 study were selected so 
that the IQ distribution of those in the study would be
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representative of English students in the total population 
(Kuchemann, 1978). Subjects in the present study were 
determined by volunteer teachers. Eighth grade students in 
the present study were similar in their performance to 
students in the United Kingdom in 1976.
Conclusions
This study attempted to identify the effect of concrete 
manipulatives on students' knowledge of the concept of 
variable and attitudes toward mathematics. Based on data 
collected from 335 students, the following conclusions were 
drawn:
1. Middle school students' knowledge of the concept 
of variable is limited. The mean scores of students at 
sixth, seventh, and eighth grade were very low.
2. Hands-On Equations may be effective in developing 
understanding of the concept of variable in sixth grade 
classrooms. Statistical significance was detected between 
students' using the concrete manipulatives and students 
using the standard curriculum.
3. Both Hands-On Equations and a traditional 
curriculum may be effective at the eighth grade level in 
developing students' understanding of the concept of 
variable.
4. Middle school students appear to have generally 
positive feelings toward mathematics. Students' attitudes 
toward mathematics were quite positive in the pre-test
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assessment and remained quite positive in the post-test 
assessment at all grade levels and in both the experimental 
and comparison groups.
5. Students can gain in their knowledge of abstract 
concepts prior to formal reasoning.
6. At the eighth grade level, English students in 
1976 had a similar knowledge of the concept of variable to 
students in Northeast Iowa who participated in the current 
study.
Recommendations
Based on the findings of this study the following are 
recommended:
1. Introduce algebraic concepts prior to ninth-grade 
algebra. Students at all grade levels improved in their 
knowledge of the concept of variable.
2. Utilize concrete manipulatives in instruction 
prior to ninth grade algebra. A comparison of post-test 
scores on the assessment of the concept of variable 
indicated that students in the experimental sixth grade 
group (M = 17.45) scored higher than seventh grade students 
in the comparison group (M = 15.88). Statistical 
significance was also noted at the sixth grade level further 
indicating that students can learn algebraic concepts prior 
to ninth-grade algebra.
3. The review of textbooks by teachers and others 
involved in selecting textbooks should include an analysis
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of the algebraic concepts presented in the middle grades. 
Emphasis should be placed on presentation of the concepts in 
a meaningful manner.
4. In this study, categorical errors were 
recognizable at all age levels. Students transfer their 
prior arithmetic (Collis, 1975) and reading (Wagner, 1981) 
knowledge to their work with algebraic concepts. It is 
recommended that teachers evaluate students' errors and view 
errors in light of the students' prior experiences.
5. Teacher training sessions in the use of concrete 
manipulatives for the teaching of algebraic concepts are 
also recommended.
Further Research
This study was limited by time, geographic area and 
volunteer teachers. The following studies are recommended 
to identify the impact of these limitations.
1. Conduct the study at the eighth grade level 
controlling for initial differences. The researcher 
believes that concrete manipulatives had a positive effect 
on students' knowledge at the eighth grade level; however, 
generalizations could not be made due to the diverse initial 
differences between the experimental and comparison groups. 
This was due to the limitation of volunteer teachers.
2. Conduct a qualitative study of students' attitudes 
toward mathematics at the seventh grade level. Informal 
conversations with the seventh grade teachers implementing
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Hands-On Equations indicated students had thoroughly enjoyed 
working with the materials. This was not evident in the 
attitude measure results.
3. Further analyze the students' responses which were 
considered incorrect. This study analyzed incorrect answers 
which had been coded similarly in Kuchemann's 1976 study.
It did not attempt to analyze all incorrect responses.
4. Conduct a follow-up study of these students in 
ninth-grade algebra. Since research has indicated that 
students have difficulty with ninth-grade algebra and their 
prior experiences with algebraic concepts are limited, then 
the importance of identifying what effect the use of 
concrete manipulatives has on students' understanding in 
ninth-grade algebra is vital.
5. Conduct a study of students in the middle grades
over a 21 week period. This study involved the use of only
one level of a three-level learning system over a 7 week
interval.
6. Conduct a study of students in the middle grades
during the summer months when students in the comparison 
group would not be receiving mathematics instruction. The 
"control" group in this study was also receiving mathematics 
instruction. Even though, this instruction was not focused 
on teaching the concept of variable, it may have affected 
the performance of the students in the comparison group.
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Dear Teacher of Mathematics:
My name is Maureen Busta and I am a doctoral student at 
the University of Northern Iowa. I was a mathematics 
teacher at Turkey Valley Community School and St. Joseph's 
in New Hampton for seven years. I have spent the last two 
years as a full time student at UNI. As a component of my 
dissertation I am interested in conducting research on 
teaching the concept of variable through the use of a 
commercial product, Hands-On Equations. For my research 
study I need nine teachers (3 sixth, 3 seventh, and 3 
eighth) who would implement a commercial product, Hands-On 
Equations, in their classrooms for approximately one-half 
hour per week for seven weeks. A 3-4 hour training session 
and materials would be provided for teachers who participate 
in using the materials in Hands-On Equations.
In addition, I need similar classrooms which could 
serve as comparison groups to those utilizing the program. 
This will involve approximately 2-30 minute test periods 
which can be conducted with an intact class of students.
The testing times will coincide approximately with those in 
the experimental group, therefore, consisting of 2 one-half 
hour sessions about 7 weeks apart.
I would appreciate your assistance in helping me with
my study. Please return the enclosed stamped post card at
your earliest convenience. Thank you.
Sincerely,
Maureen Busta
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1. I would be willing to participate as a teacher using 
the Hands-On Equations (See below)
2. I would prefer not to participate as a teacher with 
the program, Hands-on Equations but would be 
willing to allow administration of a pre and post test
(See below)
3. I do not wish to be involved.
Indicate the textbook/ year of publication that you will be using in the fall.
Textbook_____________________________Year o f_Publication________
Grade 6 7 8 (Circle all that apply)
In mathematics, students are grouped homogeneously or heterogeneously 
If homogeneously grouped indicate grouping - 
( high, average, low) or (high, low)
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APPENDIX C 
Letter of Commitment 
Experimental Group Teachers
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Dear (Volunteer Teacher),
Thank you for agreeing to implement the Hands-On 
Equations Learning System in your classroom in the fall of 
1992. If you have reconsidered since you returned the 
postcard, please return this letter unsigned. It is 
important for me to begin and end my study with the same 
nine teachers, so if there is any reluctance on your part I 
need to know that now. The materials will be yours to keep
(approximate value $295) if the following agenda is
completed.
1. Attend a three hour training session-(Please
suggest a time/date which would be convenient for 
you in the spaces provided at the end of this
letter. Consider workshop days, after
school or on a Saturday.)
2. Integrate the Hands-On Equations materials for 
7 one-half hour sessions over a period of seven 
weeks in your classroom.
3. Agree to administer a one-half hour pre-test to 
your students before the implementation of the 
Hands On Equations.
4. Agree to administer a one-half hour post-test to 
your students after the implementation of the 
Hands On Equations.
5. Agree to administer a 22-item attitudinal test 
before and after the implementation of Hands-On 
Equations.
6. Indicate what other materials were used in 
conjunction with Hands-On Equations.
I look forward to working with you in the fall. If you 
have any questions, I can be reached at 515/394-3464.
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Signature of Commitment 
Address
Phone Number _____________________________________________
How many students will be in your classroom this fall? 
An approximate number is fine for now.





Other questions or comments:
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Directions for Administering Tests
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Directions for Chelsea Diagnostic Mathematics Test
Please administer the pre-tests during the week of ________.
Students should be told that the teacher is interested 
in the way they think about mathematics so that the best 
sort of teaching materials to help them individually can be 
found. The children should be discouraged from talking or 
copying, although they may ask the teacher about the wording 
of the questions. Questions can also be read to children 
with poor reading ability. The teacher should try to ensure 
that all children understand what the guestins are asking of 
them, but should not give any information about how to 
tackle the questions.
Children will only need a pen or a pencil.
A short series of practice items precedes the main 
test. Its purpose is to remind children of certain 
conventions-for example, that 4a means 4 X a, and to show 
that letters can be used to represent numbers. The practice 
items hsould be completed before the test itself is 
attempted, and the answers should be sdiscussed with the 
whole class. The series of practice items should be worked 
through for 2 or 3 minutes, and the answers discussed for 
another 5 minutes. The test itself should take about 30-35 
minutes. The children are expected to work through the 
tests at their own rate. As a general rule the chilren 
should, if possible, be allowed to finish all they can do. 
The children should be told to show all their work on the 
test paper itself and not on sperarte scrap paper.
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Directions for Mathematics Self Concept Scale
Please administer the pre-tests during the week of ___ .
"Please indicate the one category that best expresses 
your feeling toward mathematics. If you very strongly agree 
with the staement you should circle Very Strongly Agree. If 
you strongly agree you should circle Strongly Agree. If you 
neither agree nor disagree and are undecided circle 
Undecided. If you only slightly disagree, circle Slightly 
Disagree. If you strongly disagree then cicle Strongly 
Disagree. If you very strongly disagree then circle Very 
Strongly Disagree. Please do not leave out any statments 
even when you find it difficult to make up your mind.
Please mark only one of the seven categories for each 
statement."
There are no time limits.
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Permission Letter From Author
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Chairperson  Dr Richard Noss 
Department Office 071 612 6653/4 
Departm ent Fax 071 612 6686
Department ot Mathematics, Statistics and Computing INSTITUTE OF 
E D U C A T I O N
UNIVERSITY OF LONDON
20 BEDFORD WAY 
LONDON WC1HOAL
Telephone 071 580 1122
D r D ictm ar KOchcmann 
D irect line: 071 612 6662
Director S ir Peter Newsam 






USA 13 March 1992
Dear Ms Busta
I am glad that you have received the copy of the CSMS Algebra test. I hope it 
didn’t take too long.
I can see no reason why you should not change pence to cents and £s to $s. 
Basically,
as long as the test's source is acknowledged, as long as any changes are made 
explicit, and as long as the test is being used for research and not for 
commercial gain,
you can do whatever you like with the items.
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APPENDIX F 
Chelsea Diagnostic Mathematics Test
Source:
Hart, K., Brown, M., Kerslake, D., Kuchemann, D., & 
Ruddock, G. (1985). Chelsea Diagnostic Mathematics Tests. 
Windsor, Berkshire: NFER-Nelson.
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Algebra 1 Name
Trial Item 1
What number does a + 4 stand for if a = 2
if a = 5
What number does 4a stand for if a = 2
if a = 5
Trial Item 2
Fill in the gaps:
(work down the page)
x --> 3x x ---* x+3
2 -- >6 5 > 8
5 -- > . 4 ---> .











Date Date of Birth
Boy or Girl
1. Fill in the gaps: x ------^  x + 2
\
x ------^  4x
r -
/ '
N  / ‘
J / •
2. Write down the smallest and the largest of these: smallest largest
n + 1, n + 4, n - 3, n, n - 7.
3. Which is the larger, 2n or n + 2?
Explain:
4 . 4 added to n can be written as n + 4. n multiplied bv 4 can be written
as 4n.
Add 4 onto each of these: Multiply each of these by 4:
8 n + 5  3n 8 n + 5  3n
5. If a + b = 4 3
a + b + 2 =
If n - 246 = 762 
n - 247 =
If e + f = 8  
e + f + g =
6. What can you say about a if a + 5 = 8
What can you say about b if b + 2 is equal to 2b
1 1 1 53 J _ 1 _ L  ” i~7 i
6 n
------ 1--
4 10 m e 2
A = A = A = A =
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8. The perimeter of this shape is equal 
to 6 + 3 + 4 + 2, which equals 15.
Work out the perimeter 
of this shape, p =_____
9.
This square has sides of length g.
So, for its perimeter, we can write p = 4g
What can we write for the perimeter 
of each of these shapes?
PP P
Part of this 




all of length 2 .
P =
n sides 1 a / n
10. Cabbages cost 8 cents each and turnips cost 6 cents each.
If c stands for the number of cabbages bought 
and t stands for the number of turnips bought, 
what does
8c + 6t stand for?
What is the total number of vegetables bought?
11. What can you say about u if u = v + 3
and v = 1
What can you say about m if m = 3n + 1
and n = 4
12. If John has J marbles and Peter has P marbles, what could 
you write for the number of marbles they have altogether?
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13. a + 3a can be wrirten more simply as4a. 
Write these more simply, where possible: 
2a + 5a = _______________
2a + 5b =   3a - (b + a) =
(a + b) + a =   a + 4 + a -  4 =
2a + 5b + a =   3a - b + a =
(a - b) + b =   (a + b) + (a - b) =
14. What can you say about r if r = s + t
and r + s + t = 30
15.
In a shape like this
you can work out the number of diagonals by 
taking awav 3 from the number'of sides.
So, a shape with 5 sides has 2 diagonals;
a shape with 57 sides has ____________  diagonals;
a shape with k sides has ____________  diagonals.
16. What can you say about c i f  c + d = 1 0
and c is less than d
17. Mary's basic wage is $20 per week.
She is also paid another $2 for each hour of overtime that she works.
If h stands for the number of hours of overtime that she works, and 
if W stands for her total wage (in $'s)
write down an equation connecting W and h: _____________________
What would Mary's total wage be if she 
worked 4 hours of overtime?
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18. When are the following true - always, never, or sometimes?
Underline the correct answer:
A + B  + C = C + A + B Always. Never. Sometimes, w hen .
L + M + N = L + P + N  Always. Never. Sometimes, w hen .
19. a = b + 3. W hat happens to a if  b is increased by 2? 
f  = 3g + 1. What happens to f  if g is increased by 2?
20. Cakes cost c cents each and buns cost b cents each.
If  1 buy 4 cakes and 3 buns, 
what does
4c + 3b stand for?
3
21. If  this equation \ ,  ( x + l )  + x  = 349
is true when, x  = 6. '
then
what value of x  3
will make this equation  ^  (5w +1 ) + 5x  = 349
true?
22. Blue pencils cost 5 cents each and red pencils cost 6 cents each.
I buy some blue and some red pencils and altogether it costs me 90 cents.
If  b is the number of blue pencils bought, and 
if  r is the number of red pencils bought,
what can you write down about b and r? _______________
23. You can feed any number into this machine:
Can you find another machine that has the 
same overall effect?
+ 10 \ X 5/
X... \ + . . ./
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APPENDIX G 
Mathematics Self Concept Scale
Source:
Holly, K. (1971). Cumulative index to tests in 
microfiche. 1975-1987 (pg. 284, #10980). Princeton, NJ 
Educational Testing Service.
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MATHEMATICS SELF CONCEPT SCALE 
NAME_______________________________________________
Directions: Please circle your choice that best expresses your feelings
toward mathematics.
1. Mathematics is an interesting and challenging course.
Very Strongly Agree 
Strongly Agree 
Only Slightly Agree 
Undecided
Only Slightly Disagree 
Strongly Disagree 
Very Strongly Disagree
2. Mathematics teachers are helpful and anxious that all students achieve 
some degree of success.
Very Strongly Agree 
Strongly Agree 
Only Slightly Agree 
Undecided
Only Slightly Disagree 
Strongly Disagree 
Very Strongly Disagree
3. I have more confidence in my ability to deal with mathematics than in my 
ability to deal with other academic subjects.
Very Strongly Agree 
Strongly Agree 
Only Slightly Agree 
Undecided
Only Slightly Disagree 
Strongly Disagree 
Very Strongly Disagree
4. The subject matter in mathematics is too repetitious and requires too 
much drill.
Very Strongly Agree 
Strongly Agree 
Only Slightly Agree 
Undecided
Only Slightly Disagree 
Strongly Disagree 
Very Strongly Disagree
5. The amount of time devoted to mathematics in school could be more 
profitable used in studying other academic subjects.
Very Strongly Agree 
Strongly Agree 
Only Slightly Agree 
Undecided
Only Slightly Disagree 
Strongly Disagree 
Very Strongly Disagree







Mathematics classes provide the opportunity for learning values which are 
useful in other parts of daily living.
Very Strongly Agree 
Strongly Agree 
Only Slightly Agree 
Undecided
Only Slightly Disagree 
Strongly Disagree 
Very Strongly Disagree 
When I attend a mathematics class or hear mathematics being discussed,
I get a slight sick feeling.
Very Strongly Agree 
Strongly Agree 
Only Slightly Agree 
Undecided
Only Slightly Disagree 
Strongly Disagree 
Very Strongly Disagree 
X feel happy when someone asks me to work a problem in mathematics.
Very Strongly Agree 
Strongly Agree 
Only Slightly Agree 
Undecided
Only Slightly Disagree 
Strongly Disagree 
Very Strongly Disagree 
X had no fear of getting poor grades or failing mathematics at the 
beginning of the fall semester.
Very Strongly Agree 
Strongly Agree 
Only Slightly Agree 
Undecided
Only Slightly Disagree 
Strongly Disagree 
Very Strongly Disagree 
Mathematics makes me feel insecure.
Very Strongly Agree 
Strongly Agree 
Only Slightly Agree 
Undecided
Only Slightly Disagree 
Strongly Disagree 
Very Strongly Disagree 
I am frequently bothered by feelings of inferiority in a mathematics class. 
Very Strongly Agree 
Strongly Agree 
Only Slightly Agree 
Undecided
Only Slightly Disagree 
Strongly Disagree 
Very Strongly Disagree
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12. Because of ocher peopie in the mathematics class, I haven't been able to 
achieve as much as I should.
Very Strongly Agree 
Strongly Agree 
Only Slightly Agree 
Undecided
Only Slightly Disagree 
Strongly Disagree 
Very Strongly Disagree
13. I am usually able to ignore the feelings of others when I am attempting to 
complete a mathematics assignment.
Very Strongly Agree 
Strongly Agree 
Only Slightly Agree 
Undecided
Only Slightly Disagree 
Strongly Disagree 
Very Strongly Disagree
14. I have always liked math because it is an "exact science.”
Very Strongly Agree 
Strongly Agree 
Only Slightly Agree 
Undecided
Only Slightly Disagree 
Strongly Disagree 
Very Strongly Disagree
15. I have always enjoyed mathematics.
Very Strongly Agree 
Strongly Agree 
Only Slightly Agree 
Undecided
Only Slightly Disagree 
Strongly Disagree 
Very Strongly Disagree
16. I feel ill-at-ease when I am required to solve problems mathematically.
Very Strongly Agree 
Strongly Agree 
Only Slightly Agree 
Undecided
Only Slightly Disagree 
Strongly Disagree 
Very Strongly Disagree
17. I would hesitate to take a course such as chemistry, physics, or mechanical 
drawing if I knew that mathematics was involved.
Very Strongly' Agree 
Strongly Agree 
Only Slightly Agree 
Undecided
Only Slightly Disagree 
Strongly Disagree 
Very Strongly Disagree
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18. I have negative feelings toward the teacher when difficult mathematics 
problems are assigned.
Very Strongly Agree 
Strongly Agree 
Only Slightly Agree 
Undecided
Only Slightly Disagree 
Strongly Disagree 
Very Strongly Disagree
19. I feel self-conscious when I ’m with peopie who have superior ability in 
mathematics.
Very Strongly Agree 
Strongly Agree 
Only Slightly Agree 
Undecided
Only Slightly Disagree 
Strongly Disagree 
Very Strongly Disagree
20. When I have a choice of electives which includes mathematics, I normally 
choose mathematics over other subjects.
Very Strongly Agree 
Strongly Agree 
Only Slightly Agree 
Undecided
Only Slightly Disagree 
Strongly Disagree 
Very Strongly Disagree
21. I always enjoy mathematics courses because I feel I can be successful.
Very Strongly Agree 
Strongly Agree 
Only Slightly Agree 
Undecided
Only Slightly Disagree 
Strongly Disagree 
Very Strongly Disagree
22. At the present time grades have very little effect on my attitude toward 
mathematics.
Very Strongly Agree 
Strongly Agree 
Only Slightly Agree 
Undecided
Only Slightly Disagree 
Strongly Disagree 
Very Strongly Disagree
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APPENDIX H 
Textbook Information by Group and Grade
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Sixth Grade
Experimental Classrooms Comparison Classrooms
Publisher Date Publisher Date
Silver Burdette 







Experimental Classrooms Comparison Classrooms
Heath Mathematics 1987 Houghton Mifflin 1989
Addison Wesley 1991 Houghton Mifflin 1992
Addison Wesley 1987
Eighth Grade
Experimental Classrooms Comparison Classrooms
Houghton Mifflin 1987 Addison Wesley 1987
Addison Wesley 1987 Addison Wesley 1986
Addison Wesley 1987
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APPENDIX I
Item Analysis by Grade and by Instructional Group 
All Figures are Percentages
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Question 1 
















Pretest 86 8 6
Posttest 82 8 10
Comparison
Pretest 92 8 0
Posttest 83 17 0
Seventh Grade
Code 1 Code 9 Code 0






Pretest 84 7 9
Posttest 77 12 11
Comparison
Pretest 81 12 7
Posttest 61 27 12
Eighth Grade
Code 1 Code 9 Code 0






Pretest 73 9 18
Posttest 77 16 7
Comparison
Pretest 40 17 43
Posttest 62 19 19
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Question 2
Fill in the gaps:
r ---> ?
Sixth Grade
Given x ---> x + 2
Code 1 Code 9 Code 0













Pretest 33 50 17












Pretest 48 26 26
Posttest 61 26 13
Comparison
Pretest 46 34 20
Posttest 29 56 15
Eighth Grade
Code 1 Code 9 Code 0




Pretest 37 36 27
Posttest 54 36 10
Comparison
Pretest 38 19 43
Posttest 64 15 21
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Question 3
Fill in the gaps: Given x  > 4x












Pretest 91 5 4
Posttest 85 4 12
Comparison
Pretest 79 17 4












Pretest 80 12 8
Posttest 81 8 11
Comparison
Pretest 83 7 10












Pretest 76 8 16
Posttest 80 13 7
Comparison
Pretest 31 26 43
Posttest 60 26 14
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Question 4
Write down the smallest and the largest of these:
Smallest Largest
n + 1, n + 4, n - 3, n, n - 7 
Sixth Grade
Code 1 Code 9 Code 0






Pretest 43 53 4
Posttest 54 43 3
Comparison
Pretest 46 50 4
Posttest 38 54 8
Seventh Grade
Code 1 Code 9 Code 0






Pretest 37 54 9
Posttest 41 55 4
Comparison
Pretest 46 47 7
Posttest 59 36 5
Eighth Grade
Code 1 Code 9 Code 0






Pretest 24 72 4
Posttest 65 31 3
Comparison
Pretest 83 17 0
Posttest 93 7 0
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Question 5
Which is the larger, 2n or n + 2? 
Sixth Grade
Code 1 Code 8 Code 9 Code 0
Correct Pre­ Answer Not Answer
mature Under Other Omitted
Closure Code
Exper imenta1 
Pretest 3 80 14 4
Posttest 3 78 16 3
Comparison
Pretest 0 67 33 0
Posttest 0 79 21 0
Seventh Grade
Code 1 Code 8 Code 9 Code 0
Correct Pre­ Answer Not Answer
mature Under Other Omitted
Closure Code
Exper imenta1 
Pretest 0 66 26 8
Posttest 3 81 12 4
Comparison
Pretest 0 49 44 7
Posttest 0 20 75 5
Eighth Grade
Code 1 Code 8 Code 9 Code 0
Correct Pre­ Answer Not Answer
mature Under Other Omitted
Closure Code
Experimental
Pretest 0 76 13 11
Posttest 1 90 6 3
Comparison
Pretest 57 43 0 0
Posttest 74 21 5 0
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Question 6
4 added to n can be written as n + 4















Pretest 90 1 4 5
Posttest 91 0 6 3
Comparison
Pretest 96 0 4 0
Posttest 88 0 8 4
Seventh Grade
Code 1 Code 9 Code 0






Pretest 80 11 9
Posttest 93 6 1
Comparison
Pretest 90 8 2
Posttest 88 10 2
Eighth Grade
Code 1 Code 9 Code 0






Pretest 84 13 3
Posttest 93 7 0
Comparison
Pretest 100 0 0
Posttest 98 2 0
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Question 7
4 added to n can be written as n + 4















Pretest 15 62 15 8
Posttest 44 45 9 2
Comparison
Pretest 13 83 4 0
Posttest 4 71 21 4
Seventh Grade
Code 1 Code 7 Code 9 Code 0
Correct Letter Answer Not Answer
Not Used Under Other Omitted
Code
Exper imenta1
Pretest 8 68 16 8
Posttest 27 58 12 3
Comparison
Pretest 19 71 5 5















Pretest 8 73 18 1
Posttest 30 57 13 0
Comparison
Pretest 98 0 2 0
Posttest 98 0 2 0
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Question 8
4 added to n can be written as n + 4 
Add 4 unto 3n
Sixth Grade
Code 1 Code 2 Code 7 Code 9 Code 0
Exper imenta1
Pretest 2 1 72 17 8
Posttest 17 0 65 15 3
Comparison
Pretest 0 0 88 12 0















Pretest 5 72 13 10
Posttest 9 72 15 4
Comparison
Pretest 2 76 12 10















Pretest 5 72 20 3
Posttest 15 74 11 0
Comparison
Pretest 91 9 0 0
Posttest 100 0 0 0
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Question 9
n multiplied by 4 can be written as 4n
Multiply each of these by 4: 8 ___
Sixth Grade
Code 1 Code 9 Code 0






Pretest 78 12 10
Posttest 83 14 3
Comparison
Pretest 96 4 0
Posttest 79 13 8
Seventh Grade
Code 1 Code 9 Code 0






Pretest 65 20 15
Posttest 82 15 3
Comparison
Pretest 78 17 5












Pretest 79 16 5
Posttest 82 17 1
Comparison
Pretest 100 0 0
Posttest 95 5 0
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Question 10
n multiplied by 4 can be written as 4n















Pretest 0 60 27 13
Posttest 3 61 30 6
Comparison
Pretest 0 96 4 0
Posttest 0 71 21 8
Seventh Grade
Code 1 Code 7 Code 9 Code 0
Correct Letter Answer Not Answer




Pretest 3 63 18 16
Posttest 0 58 37 5
Comparison
Pretest 2 73 15 10
Posttest 0 64 29 7
Eighth Grade
Code 1 Code 7 Code 9 Code 0
Correct Letter Answer Not Answer




Pretest 0 73 22 5
Posttest 0 65 32 3
Comparison
Pretest 48 52 0 0
Posttest 76 5 19 0
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Question 11
n multiplied by 4 can be written as 4n
Multiply each of these by 4: 3n
Sixth Grade
Code 1 Code 7 Code 9 Code 0
Correct Letter Answer Not Answer




Pretest 14 60 14 12
Posttest 26 50 20 4
Comparison
Pretest 17 71 12 0
Posttest 4 79 8 9
Seventh Grade
Code 1 Code 7 Code 9 Code 0
Correct Letter Answer Not Answer




Pretest 8 63 11 18
Posttest 15 53 28 4
Comparison
Pretest 37 49 7 7















Pretest 10 65 19 7
Posttest 23 58 16 3
Comparison
Pretest 88 7 5 0
Posttest 76 2 22 0
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Question 12












Pretest 85 11 4
Posttest 86 11 3
Comparison
Pretest 96 4 0
Posttest 96 4 0
Seventh Grade
Code 1 Code 9 Code 0






Pretest 84 7 9
Posttest 93 6 1
Comparison
Pretest 95 0 5
Posttest 95 3 2
Eighth Grade
Code 1 Code 9 Code 0






Pretest 91 5 4
Posttest 90 7 3
Comparison
Pretest 95 2 2
Posttest 100 0 0
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Question 13
If n - 246 = 762, 
Sixth Grade











Pretest 40 51 9
Posttest 54 41 5
Comparison
Pretest 38 62 0












Pretest 45 43 12
Posttest 51 42 7
Comparison
Pretest 49 46 5












Pretest 49 40 11
Posttest 61 32 7
Comparison
Pretest 95 5 0
Posttest 93 7 0
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Question 14
If e + f = 8, 
Sixth Grade














Pretest 15 44 19 22
Posttest 10 59 22 9
Comparison
Pretest 71 16 13 0















Pretest 14 30 30 26
Posttest 19 53 16 12
Comparison
Pretest 5 46 20 29
Posttest 12 57 24 7
Eighth Grade
Code 1 Code 3/4 Code 9 Code 0
Correct Letter Answer Not Answer




Pretest 12 43 29 16
Posttest 28 40 20 12
Comparison
Pretest 79 9 7 5
Posttest 83 10 7 0
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Question 15
What can you say 
Sixth Grade
about a if a + 5 = 8
Code l Code 9 Code 0




Pretest 72 11 17
Posttest 78 11 0
Comparison
Pretest 96 4 0












Pretest 77 8 15
Posttest 92 7 1
Comparison
Pretest 81 7 12












Pretest 84 4 12
Posttest 93 3 4
Comparison
Pretest 100 0 0
Posttest 98 2 0
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Question 16
What can you say about b if b + 2 is equal to 2b 
Sixth Grade
Code 1 Code 9 Code 0






Pretest 18 40 42
Posttest 21 39 40
Comparison
Pretest 8 75 17
Posttest 12 67 21
Seventh Grade
Code 1 Code 9 Code 0






Pretest 15 42 43
Posttest 30 58 12
Comparison
Pretest 22 44 34
Posttest 12 73 15
Eighth Grade
Code 1 Code 9 Code 0






Pretest 26 47 27
Posttest 45 31 24
Comparison
Pretest 81 19 0
Posttest 93 7 0
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Question 17




Code 1 Code 9 Code 0






Pretest 40 42 18
Posttest 62 28 10
Comparison
Pretest 88 12 0
Posttest 63 33 4
Seventh Grade
Code 1 Code 9 Code 0






Pretest 54 37 9
Posttest 58 38 4
Comparison
Pretest 32 39 29
Posttest 37 49 14
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Pretest 54 36 10
Posttest 55 37 8
Comparison
Pretest 95 3 2
Posttest 100 0 0
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Question 18




Code 1 Code 9 Code 0






Pretest 29 54 17
Posttest 55 35 10
Comparison
Pretest 67 33 0
Posttest 63 33 4
Seventh Grade
Code 1 Code 9 Code 0






Pretest 49 42 9
Posttest 50 46 4
Comparison
Pretest 24 47 29
Posttest 42 44 14
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Pretest 51 39 10
Posttest 50 42 8
Comparison
Pretest 98 2 0
Posttest 100 0 0
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Question 19














Pretest 27 28 45





















Pretest 23 26 51
Posttest 31 47 22
Comparison
Pretest 10 46 44
Posttest 20 56 24














Pretest 24 38 38
Posttest 37 44 19
Comparison
Pretest 98 2 0
Posttest 100 0 0
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Question 20
What are the areas of these shapes?
5
Sixth Grade
Code 1 Code 7 Code 9 Code 0
Correct Letter Answer Not Answer




Pretest 0 17 32 51
Posttest 0 27 38 35
Comparison
Pretest 0 54 25 21
Posttest 0 42 42 16
Seventh Grade
Code 1 Code 7 Code 9 Code 0
Correct Letter Answer Not Answer




Pretest 0 19 39 42
Posttest 1 38 41 20
Comparison
Pretest 0 15 51 34
Posttest 0 24 54 22

















Pretest 0 24 47 29
Posttest 0 22 59 19
Comparison
Pretest 45 42 12 0
Posttest 60 26 12 2
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Question 21


















Pretest 91 5 4
Posttest 92 7 1
Comparison
Pretest 96 4 0












Pretest 82 6 12
Posttest 92 3 5
Comparison
Pretest 88 12 0
Posttest 98 2 0













Pretest 88 7 5
Posttest 92 4 4
Comparison
Pretest 95 5 0
Posttest 98 2 0
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Question 22
This square has sides of length g.
So, for its perimeter, we can write p = 4g
What can we write for the perimeter of each of these shapes?
p =
e / \ e
Sixth Grade
e
Code 1 Code 9 Code 0






Pretest 70 16 14
Posttest 78 16 6
Comparison
Pretest 75 25 0
Posttest 84 8 8
Seventh Grade
Code 1 Code 9 Code 0






Pretest 57 19 24
Posttest 72 19 9
Comparison
Pretest 71 14 15
Posttest 76 19 5













Pretest 66 19 15
Posttest 88 9 3
Comparison
Pretest 95 5 0
Posttest 100 0 0
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Question 23
This square has sides of length g.
So, for its perimeter, we can write p = 4g g
What can we write for the perimeter of each of these shapes?
P =
Sixth Grade
Code 1 Code 8 Code 9 Code 0
Correct Premature Answer Not Answer




Pretest 8 24 41 27
Posttest 37 28 28 7
Comparison
Pretest 25 38 37 0
Posttest 42 29 21 8
Seventh Grade
Code 1 Code 8 Code 9 Code 0
Correct Premature Answer Not Answer




Pretest 23 22 25 30
Posttest 39 24 25 12
Comparison
Pretest 12 42 27 19
Posttest 24 34 37 5
















Pretest 38 26 21 15
Posttest 58 24 14 4
Comparison
Pretest 86 10 2 2
Posttest 93 0 7 0
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Question 24
This square has sides of length g.
So, for its perimeter, we can write p = 4g



























Pretest 13 4 79 4
Posttest 25 0 67 8
Seventh Grade
Code 1 Code 8 Code 9 Code 0
Correct Premature Answer Not Answer














Pretest 10 14 54 22
Posttest 20 14 56 10
















Pretest 24 8 48 20
Posttest 0 15 34 8
Comparison
Pretest 88 2 7 3
Posttest 91 0 9 0
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Question 2 5
Part of this figure is not drawn, 
















Pretest 5 10 54 31
Posttest 5 41 31 23
Comparison
Pretest 0 12 75 13















Pretest 3 30 32 35
Posttest 11 46 21 22
Comparison
Pretest 2 22 49 27
Posttest 10 34 44 12
There are n sides
















Pretest 10 23 40 27
Posttest 18 38 35 9
Comparison
Pretest 71 17 12 0
Posttest 81 10 7 2
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Question 26
Cabbages cost 8 cents each and turnips cost 6 cents each.
If c stands for the number of cabbages bought and t stands 
for the number of turnips bought, what does
















Pretest 0 32 41 27
Posttest 4 38 46 12
Comparison
Pretest 4 12 71 13
















Pretest 1 34 37 28
Posttest 7 57 32 4
Comparison
Pretest 0 34 46 20
Posttest 0 75 20 5


















Pretest 4 33 48 15
Posttest 4 59 30 7
Comparison
Pretest 29 24 45 2
Posttest 43 28 29 0
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Question 27
Cabbages cost 8 cents each and turnips cost 6 cents each.
If c stands for the number of cabbages bought and t stands 
for the number of turnips bought, what does
















Pretest 3 61 17 19
Posttest 5 69 15 10
Comparison
Pretest 0 59 33 8
















Pretest 0 62 20 18
Posttest 1 73 23 3
Comparison
Pretest 0 56 22 22
Posttest 0 80 15 5


















Pretest 3 53 30 14
Posttest 1 68 24 7
Comparison
Pretest 31 48 19 2
Posttest 50 31 12 7
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Question 28
What can you say about u if u = v + 3















Pretest 38 9 22 31
Posttest 47 19 17 17
Comparison
Pretest 33 17 50 0















Pretest 50 11 12 27
Posttest 61 12 15 12
Comparison
Pretest 44 12 20 24















Pretest 58 4 12 26
Posttest 61 19 12 8
Comparison
Pretest 98 2 0 0
Posttest 98 0 2 0
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Question 29 
What can you say
Sixth Grade
about m if m = 
and n = 4
3n + 1
Code 1 Code 9 Code 0




Pretest 17 49 34
Posttest 36 36 28
Comparison
Pretest 13 87 0
Posttest 4 54 42
Seventh Grade
Code 1 Code 9 Code 0




Pretest 30 36 34
Posttest 53 32 15
Comparison
Pretest 20 51 29












Pretest 41 33 26
Posttest 66 23 11
Comparison
Pretest 98 2 0
Posttest 100 0 0
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Question 30
If John has J marbles and Peter has P marbles, what could 
you write for the number of marbles they have altogether?
Sixth Grade
Code 1 Code 9 Code 0






Pretest 24 44 32
Posttest 45 33 22
Comparison
Pretest 29 58 13
Posttest 33 50 17
Seventh Grade
Code 1 Code 9 Code 0






Pretest 26 42 32
Posttest 53 28 19
Comparison
Pretest 27 41 32
Posttest 37 46 17
Eighth Grade
Code 1 Code 9 Code 0






Pretest 42 34 24
Posttest 58 32 10
Comparison
Pretest 93 5 2
Posttest 98 2 0
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Question 31
a + 3a can be written more simply as 4a. 
Write these more simply, where possible: 












Pretest 64 15 21
Posttest 77 15 8
Comparison
Pretest 83 17 0
Posttest 75 21 4
Seventh Grade
Code 1 Code 9 Code 0






Pretest 47 30 22
Posttest 60 26 14
Comparison
Pretest 51 22 27
Posttest 68 32 0
Eighth Grade
Code 1 Code 9 Code 0






Pretest 50 24 26
Posttest 89 8 3
Comparison
Pretest 91 9 0
Posttest 83 14 3
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Question 32
a + 3a can be written more simply as 4a. 
Write these more simply, where possible:















Pretest 4 4 47 45
Posttest 19 4 54 23
Comparison
Pretest 0 21 71 8
Posttest 0 33 59 8
Seventh Grade
Code 1 Code 8 Code 9 Code 0
Correct Premature Answer Not Answer
Closure Under Other Omitted
Code
Experimental
Pretest 0 9 57 34


























Pretest 3 16 35 46
Posttest 30 19 32 19
Comparison
Pretest 69 14 7 10
Posttest 83 10 5 2
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Question 33
a + 3a can be written more simply as 4a. 
Write these more simply, where possible: 
( a + b ) + a =
Sixth Grade
Code 1 Code 9 Code 0






Pretest 3 36 62
Posttest 26 41 33
Comparison
Pretest 0 96 4
Posttest 13 70 17
Seventh Grade
Code 1 Code 9 Code 0






Pretest 0 54 46
Posttest 24 53 23
Comparison
Pretest 10 46 49












Pretest 5 38 57
Posttest 38 31 31
Comparison
Pretest 76 19 5
Posttest 98 2 0
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Question 34
a + 3a can be written more simply as 4a. 
Write these more simply, where possible: 
2a + 5b + a =
Sixth Grade
Code 1 Code 8 Code 9 Code 0
Correct Premature Answer Not Answer




Pretest 3 0 44 53
Posttest 28 1 46 25
Comparison
Pretest 4 0 88 8
Posttest 12 0 75 13
Seventh Grade
Code 1 Code 8 Code 9 Code 0
Correct Premature Answer Not Answer




Pretest 3 l 59 37
Posttest 23 0 53 24
Comparison
Pretest 3 0 46 51
Posttest 10 0 80 10
Eighth Grade
Code 1 Code 8 Code 9 Code 0
Correct Premature Answer Not Answer




Pretest 14 0 39 47
Posttest 39 1 38 22
Comparison
Pretest 83 0 17 0
Posttest 95 2 3 0
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Question 35
a + 3a can be written more simply as 4a. 
Write these more simply, where possible: 
( a - b ) + b =
Sixth Grade
Code 1 Code 9 Code 0






Pretest 1 41 58
Posttest 3 66 31
Comparison
Pretest 0 75 25
Posttest 8 75 17
Seventh Grade
Code 1 Code 9 Code 0






Pretest 8 42 50
Posttest 7 65 28
Comparison
Pretest 5 39 56
Posttest 2 81 17
Eighth Grade
Code 1 Code 9 Code 0






Pretest 7 38 55
Posttest 7 58 35
Comparison
Pretest 69 17 14
Posttest 88 10 2
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
200
Question 36
a + 3a can be written more simply as 4a. 
Write these more simply, where possible: 
3a - ( b + a ) =
Sixth Grade
Code 1 Code 9 Code 0






Pretest 0 46 54
Posttest 4 58 38
Comparison
Pretest 0 71 29
Posttest 58 42 0
Seventh Grade
Code 1 Code 9 Code 0






Pretest 0 45 55
Posttest 0 61 41
Comparison
Pretest 0 46 54
Posttest 0 66 34
Eighth Grade
Code 1 Code 9 Code 0






Pretest 0 39 61
Posttest 1 60 39
Comparison
Pretest 31 43 26
Posttest 67 31 2
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Question 37
a + 3a can be written more simply as 4a. 
Write these more simply, where possible: 
a + 4 +  a -  4 =
Sixth Grade
Code 1 Code 9 Code 0






Pretest 6 49 45
Posttest 23 55 22
Comparison
Pretest 8 67 25
Posttest 12 50 38
Seventh Grade
Code 1 Code 9 Code 0






Pretest 7 46 47
Posttest 11 63 26
Comparison
Pretest 12 44 44
Posttest 12 71 17
Eighth Grade
Code 1 Code 9 Code 0






Pretest 7 47 46
Posttest 12 58 30
Comparison
Pretest 79 11 10
Posttest 93 7 0
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Question 38
a + 3a can be written more simply as 4a. 
Write these more simply, where possible: 
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Question 39
a + 3a can be written more simply as 4a. 
Write these more simply, where possible: 
( a+ b) + ( a - b ) =
Sixth Grade
Code 1 Code 9 Code 0






Pretest 3 41 56
Posttest 8 52 40
Comparison
Pretest 0 71 29
Posttest 0 50 50
Seventh Grade
Code 1 Code 9 Code 0






Pretest 5 38 57
Posttest 3 62 35
Comparison
Pretest 0 44 56
Posttest 2 61 37
Eighth Grade
Code 1 Code 9 Code 0






Pretest 1 37 62
Posttest 0 64 36
Comparison
Pretest 36 40 24
Posttest 79 16 5







r if r = 
+ s + t =
s + t 
30
Code 1 Code 3/4 Code 9 Code 0
Correct Letter Answer Not Answer
Evaluated Under Other Omitted
Code
Experimental
Pretest 13 3 37 47
Posttest 19 27 28 26
Comparison
Pretest 0 0 63 37















Pretest 14 0 54 32
Posttest 14 46 18 23
Comparison
Pretest 10 5 48 37















Pretest 19 0 38 43
Posttest 20 43 19 18
Comparison
Pretest 79 0 16 5
Posttest 79 0 16 5
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In a shape like this you can work out the number of 
diagonals by taking away 3 from the number of sides.
205
So, a shape with 5 sides has 2 diagonals;












Pretest 51 27 22
Posttest 58 27 15
Comparison
Pretest 29 46 25












Pretest 47 35 18
Posttest 47 41 12
Comparison
Pretest 46 44 10
Posttest 46 42 12













Pretest 46 31 23
Posttest 54 38 8
Comparison
Pretest 93 7 0
Posttest 91 9 0
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Question 42
In a shape like this you can work out the number of 
diagonals by taking away 3 from the number of sides.
So, a shape with 5 
a shape with k





Code 1 Code 9 Code 0






Pretest 4 55 41
Posttest 16 56 28
Comparison
Pretest 0 50 50
Posttest 8 63 29
Seventh Grade
Code 1 Code 9 Code 0






Pretest 8 53 39
Posttest 11 66 23
Comparison
Pretest 2 52 46
Posttest 5 68 27













Pretest 3 48 49
Posttest 10 73 17
Comparison
Pretest 91 9 0
Posttest 95 5 0







c if c + 
less than
d = 10 
d









Pretest 7 53 13 27
Posttest 12 55 19 14
Comparison
Pretest 0 42 17 41
Posttest 0 33 38 29
Seventh Grade









Pretest 3 55 20 22
Posttest 11 67 11 11
Comparison
Pretest 12 51 12 25
Posttest 17 46 24 12
Eighth Grade




















Pretest 86 2 12 0
Posttest 90 0 10 0
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Question 44
Mary's basic wage is $20 per week. She is also paid another 
$2 for each hour of overtime that she works.If h stands for 
the number of hours of overtime that she works, and if W 
stands for her total wage ( in $'s)
Write down an equation connecting W and h:
Sixth Grade
Code 1 Code 9 Code 0






Pretest 1 44 55
Posttest 0 59 41
Comparison
Pretest 0 37 63
Posttest 0 25 75
Seventh Grade
Code 1 Code 9 Code 0






Pretest 0 63 37
Posttest 0 73 27
Comparison
Pretest 0 51 49
Posttest 0 68 32
Eighth Grade
Code 1 Code 9 Code 0






Pretest 0 51 49
Posttest 3 74 23
Comparison
Pretest 31 64 5
Posttest 50 48 2
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Question 45
Mary's basic wage is $20 per week.
She is also paid another $2 for each hour of overtime that 













Pretest 37 27 36
Posttest 58 18 24
Comparison
Pretest 21 29 50












Pretest 55 23 22
Posttest 53 23 24
Comparison
Pretest 44 34 22












Pretest 38 22 40
Posttest 61 27 12
Comparison
Pretest 91 4 5
Posttest 95 5 0
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Question 46
When are the following true - always, never, or sometimes? 
Underline the correct answer:
A + B + C = C + A + B Always Never Sometimes, when ____
Sixth Grade
Code 1 Code 9 Code 0






Pretest 49 29 22
Posttest 64 26 10
Comparison
Pretest 0 50 50
Posttest 21 21 58
Seventh Grade
Code 1 Code 9 Code 0






Pretest 42 38 20
Posttest 70 23 7
Comparison
Pretest 51 27 22
Posttest 81 14 5
Eighth Grade
Code 1 Code 9 Code 0






Pretest 53 31 16
Posttest 68 28 4
Comparison
Pretest 100 0 0
Posttest 100 0 0
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Question 47
When are the following true - always, never, or sometimes?















Pretest 5 62 10 23
Posttest 11 70 10 9
Comparison
Pretest 0 13 33 54















Pretest 1 60 16 23
Posttest 1 73 15 11
Comparison
Pretest 5 61 12 22















Pretest 1 64 18 17
Posttest 18 65 12 5
Comparison
Pretest 52 48 0 0
Posttest 88 10 2 0
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Question 48 
a = b + 3.
Sixth Grade
What happens to a if b is increased by 2?
Code 1 Code 9 Code 0




Pretest 2 59 39
Posttest 1 72 27
Comparison
Pretest 0 46 54
Posttest 0 25 75
Seventh Grade
Code 1 Code 9 Code 0






Pretest 0 61 39
Posttest 11 67 22
Comparison
Pretest 7 51 42












Pretest 4 58 38
Posttest 7 73 20
Comparison
Pretest 43 57 0
Posttest 43 55 2
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
215
Question 49
f = 3g + 1. What happens to f if g is increased by 2? 
Sixth Grade
Code 1 Code 9 Code 0






Pretest 1 50 49
Posttest 1 67 32
Comparison
Pretest 0 42 58
Posttest 0 25 75
Seventh Grade
Code 1 Code 9 Code 0






Pretest 0 53 47
Posttest 1 73 26
Comparison
Pretest 0 56 44
Posttest 2 76 22
Eighth Grade
Code 1 Code 9 Code 0






Pretest 0 54 46
Posttest 1 76 23
Comparison
Pretest 21 67 12
Posttest 29 69 2
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Question 50
Cakes cost c cents each and buns cost b cents each. If I 
buy 4 cakes and 3 buns, what does
















Pretest 1 10 35 54
Posttest 1 42 36 21
Comparison
Pretest 0 0 29 71
















Pretest 4 12 43 41
Posttest 7 31 41 22
Comparison
Pretest 5 12 42 41
















Pretest 5 15 45 35
Posttest 12 28 43 16
Comparison
Pretest 5 15 45 35
Posttest 12 28 43 16
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Question 51 
If this equation — 






(x + l)3 + x =
this














Pretest 0 26 74
Posttest 0 51 49
Comparison
Pretest 0 17 83












Pretest 0 32 68
Posttest 0 54 46
Comparison
Pretest 0 41 59
Posttest 0 66 34
Eighth Grade
Code 1 Code 9 Code 0






Pretest 0 36 64
Posttest 0 69 31
Comparison
Pretest 19 48 33
Posttest 36 45 19
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Question 52: Blue pencils cost 5 cents each and red
pencils cost 6 cents each. I buy some blue and some red 
pencils and altoghter it costs me 90 cents. If b is the 
number of blue pencils bought, and if r is the number of red 
pencils bought, what can you write down about b and r ?
Sixth Grade
Code 1 Code 5 Code 9 Code 0
Correct Letter Answer Not Answer
Used As Under Other Omitted
Obj ects Code
Exper imenta1 
Pretest 3 5 44 48
Posttest 0 9 60 31
Comparison
Pretest 0 0 8 92
Posttest 0 0 33 67
Seventh Grade
Code 1 Code 5 Code 9 Code 0
Correct Letter Answer Not Answer
Used As Under Other Omitted
Objects Code
Experimental
Pretest 1 2 50 47
Posttest 0 4 64 32
Comparison
Pretest 0 2 44 54
















Pretest 3 7 51 39
Posttest 5 11 62 22
Comparison
Pretest 38 14 41 7
Posttest 69 0 31 0
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You can feed any number into this machine:
219
+ 10 X 50













Pretest 0 45 55
Posttest 0 50 50
Comparison
Pretest 0 8 92












Pretest 0 31 69
Posttest 0 46 54
Comparison
Pretest 0 37 63
Posttest 0 41 59














Pretest 1 34 65
Posttest 0 45 55
Comparison
Pretest 2 26 72
Posttest 0 40 60
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Appendix J
Comparison of Responses of Students Surveyed in 1976 with 
the Students Involved in the Current Study




1976 Present 1976 |Present
1(a) 2nd/6th 8:3 82
3rd/7th 813 72 <10 11
4th/8th 82I 72 <10 I 11
Question Group/Year
Correct Om .tted
1976 Present 1976 Present
1(b) 2nd/6th 65 64 10 10
3rd/7th 75 50 <10 14
4th/8th 69 58 13 114
Question Group/Year
Correct Omitted
1976 Present 1976 Present
1(c) 2nd/6th 74 88




1976 Present 1976 Present





1976 Present 1976 Present
3. 2nd/6th 4 2 62 78
3rd/7th 6 2 71 80




4(b) 2nd/6th 61 34
3rd/7th 68 28
4th/8th 69 55
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Question Group/Year
Correct Letter Not Used
19761 Present 1976 Present
4(C) 2nd/6th 22 13 58 70
3rd/7th 36 7 47 72






1976 Present 1976 Present 1976












Letter Not Used 
1976 I Present
4(f) 2nd/6th 39 21 <10 57
3rd/7th 45 25 <10 45
4th/8th 50 43 <10 38
Question Group/Year
Correct Omitted
1976 Present 19761 Present















1976 Present 1976 Present 19761 Present
2nd/6th 25 14 13 10 29 46
3rd/7th 41 17 10 <10 26 54
4th/8th 50 49 13 <10 16 19
Letter Evaluated




1976 Present 1976 Present





1976 Present 1976 Present
6(b) 2nd/6th 29 19 31 35
3rd/7th 41 23 22 13
4th/8th 40 62 24 15
Question Group/Year
Correct Omitted
1976 Present 1976 Present





1976 Present 1976 Present





1976 Present 1976 Present
7(c) 2nd/6th 54 25 19 28
3rd/7th 68 27 11 22




1976 Present 19761 Present 19761 Present
7(d) 2nd/6th 7 <10 <10 30 37 30
3rd/7th 12 .9 <10 21 41 33
4th/8th 16 22 <10 13 40 23































































1976 Present 19761 Present 1976 Present
2nd/6th 54 26 <10 11 20 19
3rd/7th 64 25 <10 10 16 16




1976 Present 1976 Present 1976 Present
2nd/6th 24 6 23 20 25 42
3rd/7th 38 10 22 18 18 42
4th/8th 41 40 22 <10 17 28
Question Group/Year
10(a)
Correct Omitted Letter As
1976 Present 1976|Present 1976 Present
2nd/6th 1 3 <10|15 69 37
3rd/7th 1 4 75 62
4th/8th 3 19 75 47
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Question Group/Year
Correct Omitted Letter As
01dj ect
1976 Present 1976 Present 1976 Present
10(b) 2nd/6th 2 4 10 14 65 66
3rd/7th 4 .9 6 <10 73 76




1976 Present 1976 Present
Cl
1976
2nd/6th 49 42 22 23 15
3rd/7th 61 63 14 10 14









1976 Present 1976 Present
11(b) 2nd/6th 44 28 27 31
3rd/7th 62 47 19 11
4th/8th 67 79 21 <10
Question Group/Year
Correct Om:.tted
1976 Present 1976 Present
12 2nd/6th 47 42 15 21
3rd/7th 63 47 11 18
4th/8th 64 73 11 <10
Question Group/Year
Correct Premature Closure
1976 Present 1976 Present
13(a) 2nd/6th 77 77 10 <10
3rd/7th 86 62 8 <10




1976 Present 1976 Present
Cl
1976
2nd/6th 29 15 11 20 45
3rd/7th 45 14 7 17 34


























1976 Present 1976 Present 1976 Present 
13(d) 2nd/6th 40 25 20 22 26 <10 
3rd/7th 60 18 11 19 20 <10 





































































1976 Present 1976 Present
13 (i) 2nd/6th 13 6 34 42
3rd/7th 19 3 32 35
4th/8th 26 28 25 26
Question Group/Year
Correct Omitted Letter
1976 Present 1976 Present 1976
14 2nd/6th 30 17 29 28 24
3rd/7th 41 17 22 22 21










2nd/6th 63 55 15
3rd/7th 75 47 9














1976 Present 1976 Present
22 28 14 <10
15 25 8 <10




1976 Present 1976 Present 1976 Present
16 2nd/6th 21 9 23 18 43 48
3rd/7th 30 13 16 11 39 60
4th/8th 35 41 16 6 35 41
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Question Group/Year
Correct Omitted Letter Letter
Eval As
Obj ect
1976 Pres 1976 Pres 1976 1976 1
2nd/6th 2 <10 43 49 14 <10 19 <10
3rd/7th 5 <10 32 28 11 <10 27 <10
























1976 Present 1976 Present
18(a) 2nd/6th 58 54 17 22
3rd/7th 72 74 10 <10
4th/8th 73 80 11 <10
Question Group/Year
Correct Omitted Premature Ambiguous
Closure
1976 Pres 1976 Pres 1976 Pres 1976 Pres.
2nd/6th 11 9 18 21 56 52
3rd/7th 25 3 11 9 51 66 <10 114th/8th 27 44 11 <10 50 42
Question Group /Year
Correct Omitted
1976 Present 1976 Present
19(a) 2nd/6th 9 1 26 38
3rd/7th 21 10 18 19
4th/8th 26 21 19 14
Question Group/Year
Correct Om:.tted
1976 Present 1976 Present
19(b) 2nd/6th 3 1 36 42
3rd/7th 7 2 25 25
4th/8th 13 12 23 15
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